Appendix S

Solutions

Chapter 1. Overture

Solution 1.1 - 3-disk symbolic dynamics. There are 2¥ topologically different k-
step trajectories starting from each disk, and the 3-disk pinball has 3 - 2"! periodic
points with length n itineraries composed of disk labels {1, 2, 3}.

As explained in sect. 1.4, each orbit segment can be characterized by either of
the two symbols 0 and 1, differentiating topologically bouncing back or going onto the
third disk.

Prime cycles in the 3-disk space (prime cycles in fundamental domain, respec-
tively) are

e Oflength2: 12,13,32 (or 0).

e Oflength3: 123,321 (or 1).

e Oflength 4: 1213,1232,1323 (or 01).

e Oflength5:12123,12132,12313,12323,13132,13232 (or 00111).

Some of the cycles are listed in table 12.2 and drawn in figure ??. (Y. Lan)

Solution 1.1 - 3-disk symbolic dynamics. Starting from a disk we cannot end up at
the same disk in the next step, see figure S.1. We have 3 choices for the first disk and
2 choices for the next disk at each step, hence at most 3 - 2"~! itineraries of length n

Thus, it remains to show that any symbol sequence with the only constraint of no
two identical consecutive symbols is realized. The most convenient way to do so is
to work with the phase space representation of the pinball machine. Parametrize the
state right after a reflection by the label of the disk, the arc length parameter corre-
sponding to the point of reflection, and the sin ¢ with ¢ being the angle of reflection
relative to the normal vector, see figure S.1. Thus the PoincarSection consists of three
cylinders, with the arc length parameter is cyclic on each disk, as shown in figure S.2.

Consider disk “1” as the starting point. Fixing the angle of reflection, by vary-
ing the position all the way around the disk we first escape, then hit disk “3” , then
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Figure S.1: Geometry of the 3-disk pinball.
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Figure S.2: (a) The phase space of the 3-disk pinball. (b) The part of phase space which remains
on the table for one more iterate. (c) The images of the disks in one iteration.

escape, then hit disk “2”, and then escape again, when increasing the arc length pa-
rameter in the manner indicated in figure S.1 (a). Thus—if the disks are sufficiently well
separated—there are two strips of initial conditions which do not escape. By symme-
try this yields figure S.1 (b) where the numbers indicate onto which disk these initial
trajectories are going to end up on. By time reversal Figure S.1(c) shows the strips
labeled by disk where the pinball came from.

Combining figure S.1(b) and (c) we obtain three sections, which are the same
except for the labeling of the disks. One of such section is shown in figure S.3.

The billiard map enjoys a certain monotonicity, as depicted in figure S.4, which

solulntro - 2sep2007 ChaosBook.org version13, Dec 31 2009



sing

Figure S.3: The intersection of one iterate images and preimages.
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Figure S.4: Monotonicity of the billiard map.

easily verified by inspecting figure S.1. It says that any curve connecting the two
boundaries of one of the strips gets mapped to a curve within the image of that strip
running all the way across from top to bottom.

This, in particular, means that the intersections of the image of the previous disk
and the initial conditions to land onto the next disk, see figure S.3, will map onto (thin)
strips running across from to to bottom, as shown in figure S.5.
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Figure S.5: Images in the second iterate. This is, of course, schematically, because we dropped the
labels of the disks; in fact, the two intersection regions get mapped onto two different disks.

Finally, since the images of the intersection regions run all the way across in the
vertical direction, we can iterate the argument. Every time the number of strips dou-
bles, and we find regions of states which can go to either of the two neighboring disks
at every step. Hence any symbol sequence with no repeat of consecutive symbols
can be realized.
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The itineraries of periodic points of period 2, 3, 4, 5 are

all periodic cycles
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The prime cycles (lexically lowest periodic point itinerary within a non-repeating cycle)
are indicated in bold, and the ones given in the exercise are sketched in figure S.6.
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Figure S.6: Sketch of the indicated prime cycles.

(Alexander Grigo)

Solution 1.2 - Sensitivity to initial conditions. To estimate the pinball sensitivity we
consider a narrow beam of point particles bouncing between two disks, figure S.7 (a).
Or if you find this easier to visualize, think of a narrow ray of light. We assume that
the ray of light is focused along the axis between the two points. This is where the
least unstable periodic orbit lies, so its stability should give us an upper bound on the
number of bounces we can expect to achieve. To estimate the stability we assume
that the ray of light has a width w(t) and a “dispersion angle” 6(t) (we assume both are
small), figure S.7 (b). Between bounces the dispersion angle stays constant while the
width increases as

w(t) ~ w(t’) + (t —1)0
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Figure S.7: The 2-disk pinball (a) geometry, (b)
defocusing of scattered rays. ©) R (b)

At each bounce the width stays constant while the angle increases by
Oni1 = 60 + 2¢ = 6, + W(t)/a

where 6, denotes the angle after bounce n. Denoting the width of the ray at the nth
bounce by w;,, then we obtain the pair of coupled equations

Wh+1 = Wph+ (R_ 28.) Hn
(S.1)
W,
O = O+ ;” (S.2)

where we ignore corrections of order w3 and 62. Solving for 6, we find

1 n
9n=90+ajz_;wn.

Assuming 6y = 0 then

R-2a v\
Wnet = Wn+ === > W

j=1

Plugging in the values in the question we find the width at each bounce in Angstrems
grows as 1, 5, 29, 169, 985, etc. To find the asymptotic behavior for a large number
of bounces we try an solution of the form w, = ax". Substituting this into the equation
above and ignoring terms that do not grow exponentially we find solutions

Wh ~ an2¥™ = a(3 £2V2)"

The solution with the positive sign will clearly dominate. The constant a we cannot
determine by this local analysis although it is clearly proportional to wy. However, the
asymptotic solution is a good approximation even for quite a small number of bounces.
To find an estimate of a we see that w,/W5>" very rapidly converges to 0.146447, thus

Wh ~ 0.146447Wo(3 + 2 V2)" ~ 0.1 X W X 5.83"

solulntro - 2sep2007 ChaosBook.org version13, Dec 31 2009



The outside edges of the ray of light will miss the disk when the width of the ray
exceeds 2 cm; this occurs after 11 bounces.

(Adam Priigel-Bennett)

Solution 1.2 - Sensitivity to initial conditions, another try. Adam’s estimate is not
very good - do you have a better one? The first problem with it is that the instability
is very underestimated. As we shall check in exercise 13.7, the exact formula for the
2-cycle stability is A = R—1+ R+y1-2/R ForR = 6, a = 1 this yields w,/Wy =~
(5+2V6)" = 9.898979", so if that were the whole story, the pinball would be not likely
to make it much beyond 8 bounces.

The second problem is that local instability overestimates the escape rate from an
enclosure; trajectories are reinjected by scatterers. In the 3-disk pinball the particle
leaving a disk can be reinjected by hitting either of other 2 disks, hence w,/Wy =
(9.9/2)". This interplay between local instability and global reinjection will be cast into
the exact formula involving “Lyapunov exponent” and “Kolmogorov entropy.” In order
to relate this estimate to our best continuous time escape rate estimate y = 0.4103.. ..
(see table 20.2), we will have to also compute the mean free flight time (20.24). As
a crude estimate, we take the shortest disk-to-disk distance, {T) = R—2 = 4. The
continuous time escape rate result implies that Wn/Wy ~ R = (5.16)", in the same
ballpark as the above expansion-reinjection estimate. (P. Cvitanovi¢)
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Chapter 2. Go with the flow

Solution 2.1 - Trajectories do not intersect. Suppose that two trajectories Cyx and
Cy intersect at some point z. We claim that any points X on Cy is also a point on Cy
and vice versa. We only need to prove the first part of the statement.

According to the definition of Cy, there exist ty,t,,t; € R such that fx(x) =
z, f¥(y) = z, f1(X) = X. It is easy to check that f% i (y) = . So, X € Cy. Therefore,
if two trajectories intersect, then they are the same trajectory. (Y. Lan)

Solution 2.2 - Evolution as a group. Let’s check the basic defining properties of a
group. The members of the set are f',t € R and the “product law” is given by *".

o As f*S = flo fS, the set is closed, i.e., the product of any two members gener-
ates another member of the set.

e Itis associative, as (flo fS)o f' = f*S = flo (fSo fN).
e | = {0 js the identity, as f' o f0 = ft.

o flistheinverse of f',as fto ft =1.

So, {f!, olier forms a group. As fto 3 = fS = fSo f!, jt is a commutative (Abelian)
group.

Any Abelian group can replace the continuous time. For example, R can be re-
placed by Zs. To mess things up try a non-commutative group. (Y.
Lan)

Solution 2.3 - Almost ODE’s. What is an ODE onR ? An ODE is an equality which
reveals explicitly the relation between function x(t) and its time derivatives X, X, - - -, i.e.,
F(t, x, X %, ---) = 0 for some given function F. Let’'s check the equations given in the
exercise.

(a) X =exp(X) is an ODE.

(b) X = X(x(t)) is not an ODE, as X(X(t)) is not a known function acting on X(t).

(c) X = x(t+ 1) is not an ODE, as X(t + 1) is not a value at current time. Actually, it is a
difference-differential equation. (Y. Lan)

Solution 2.4 - All equilibrium points are fixed points. Given a vector field vV(X), the
state space dynamics is defined by

d
ax(t) = V(X(1)). (8.3)

An equilibrium point a of v is defined by v(a) = 0, so x(t) = a is a constant solution of
(S.3). For the flow ' defined by (S.3), this solution satisfies f'(a) = a,t e R. So, it is
a fixed point of the dynamics f!. (Y. Lan)

Solution 2.5 - Gradient systems.
1. The directional derivative

d
an =n-V¢
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produces the increasing rate along the unit vector n. So, along the gradient
direction V¢ /|V@|, ¢ has the largest increasing rate. The velocity of the particle
has the opposite direction to the gradient, so ¢ deceases most rapidly in the
velocity direction.

2. An extremum a of ¢ satisfies V¢(a) = 0. According to exercise 2.4, a is a fixed
point of the flow.

3. Two arguments lead to the same conclusion here.

First, near an equilibrium point, the equation is always linearizable. For gradient
system, after orthogonal transformation it is even possible to write the linearized
equation in diagonal form so that we need only to consider one eigen-direction.
The corresponding scalar equation is X = AX. Note that we moved the origin to
the equilibrium point. The solution of this equation is X(t) = x(0) exp(At), for A #
0. if x(0) # 0, it will take infinite amount of time (positive or negative) for x(t) —
0. For A = 0, the approach to zero is even slower as then only higher orders of
X take effect.

The second argument seems easier. We know that the solution curve through
an equilibrium point is the point itself. According to exercise 2.1, no other solu-
tion curve will intersect it, which means that if not starting from the equilibrium
point itself, other point can never reach it.

4. On a periodic orbit, the velocity is bounded away from zero. So ¢ is always
decreasing on a periodic orbit, but in view of the periodicity, we know that this
can not happen (at each point, there is only one value of ¢.). So, there is no
periodic orbit in a gradient system.

(Y. Lan)

Solution 2.7 - Rdssler system. You will probably want the matlab function ode45
to do this. There are several others which perform better in different situations (for
example ode23 for stiff ODES), but ode45 seems to be the best for general use.

To use ode45 you must create a function, say 'rossler’, which will take in a time
and a vector of [x,y,z] and return [xdot, ydot, zdot]. Thenthe command would
be something like

ode45([tmin, tmax], [x0 y® z0], @rossler)

(Jonathan Halcrow)

Solution 2.8 - Equilibria of the Réssler system.

1. Solvex=y=12=0,togetx=azy=-zand x> — cx+ ab = 0. There are two
solutions of a quadratic equation, hence there are two equilibrium points:

Xt =azt = —ay* = (c+ V2 —4ab)/2.

2. The above expressions are exact. However, it pays to think of e = a/c as a
small parameter in the problem. By substitution from exercise 2.8,

Xt =cp*, y'=-pTle, Z"=p'le (S4)
Expanding VD in € yields p~ = €2 + o(¢®), and p* = 1 — € + o(¢®). Hence

x_ =at/c+o(e?), X" =c-a2/c+o(e),
y~ =-a/c+0(e?), Z"=c/a+a/c+o(e?), (S.5)
Z =a/c+0(e?), Z =c/a-a/c+0(e?).
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Fora=b=0.2,c=5.7in(2.17), € ~ 0.035, so

0.0070, —0.0351, 0.0351) ,

(X, y+,z") = (5.6929, —28.464, 28.464 ) . ’

(R. PasSkauskas)

Solution 2.10 - Classical collinear helium dynamics. An example of a solution are
A. Priigel-Bennett's programs, available at ChaosBook.org/extras.
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Chapter 3. Discrete time dynamics

(No solutions available.)
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Chapter 4. Local stability

Solution 4.1 - Trace-log of a matrix. 1) Consider M = exp A.
. IR 1 N
det M = det rPm 1+ HA = r%nn(lwt ﬁtrA+ ...)" = exp(tr(In M))

2) A rephrasing of the solution 1): evaluate %det (e““ 'V') by definition of derivative
in terms of infinitesimals. ~ (Kasper Juel Eriksen)

3) Here is an example of wrong/incomplete answer, hiding behind fancier notation:
This identity makes sense for a matrix M € C™", if [T, Ail < o and {|4i| > 0, Vi},
where {1} is a set of eigenvalues of M. Under these conditions there exist a nonsin-
gular O : M = ODO™!, D = diag[{4;,i = 1,...,n}]. If f(M) is a matrix valued function
defined in terms of power series then f(M) = Of(D)O™!, and f(D) = diag[{f(1)}].
Using these properties and cyclic property of the trace we obtain

exp(tr (In M)) = exp [Z In /li] = ]_[ A = det(M)

What's wrong about it? If a matrix with degenerate eigenvalues, A; = A; is of Jordan
type, it cannot be diagonalized, so a bit more of discussion is needed to show that the
identity is satisfied by upper-triangular matrices.

4) First check that this is true for any Hermitian matrix M. Then write an arbitrary
complex matrix as sum M = A + zB, A, B Hermitian, Taylor expand in z and prove by
analytic continuation that the identity applies to arbitrary M.  (David Mermin)

5) check appendix J.1

Solution 4.2 - Stability, diagonal case. The relation (4.17) can be verified by noting
that the defining product (4.13) can be rewritten as

U+

dh = (uu—1+—tUADU_1)(
m

'[UADU_1
m

- U(I + tA—D)ulu (I + tA—D)u‘ ... = Ugdhoy ! (S.7)
m m

Solution 4.3 - State space volume contraction.

(a) The Réssler flow volume contraction rate at the equilibria follows from 0;v; =
X+a—-Cc=X-5.5;0-V|_. =-5493, 0-Vv|_ = +0.1929.

(b,c) The result is obvious and uninteresting. The point of the exercise is that the
instantaneous velocity gradients matrix velocity gradients matrix gives no infor-
mation about recurrent dynamics, what you want to color code are the eigen-
values of the finite time J'atPoincaré section returns.
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(d) The average contraction rate (4.47) along a typical trajectory on the Rossler
attractor is something like (0 - V) = —=5.3 (Li, after 10° iterations); —5.319 (Ding,
after ? iterations); —5.3302 (Daniel, after 10* iterations); —5.36545648709 (Nah,
unexplained procedure). Its plot as a function of time illustrates one problem of
time-averaging in chaotic flows - it varies widely across each recurrence to a
given Poincaré section. Even if it were worth your while to know its numerical
value, the contraction rate cannot be linked to a computable fractal dimension.
The relation goes through expanding eigenvalues, sect. 5.4. As the contraction
is of order of 10713, there is no numerical algorithm that would give you any
fractal dimension other than Dy = 1 for this attractor.

(e) (any argument tends to be good enough).
(f) The average contraction on the escape side of the outer equilibrium: not avail-
able.

Solution 4.4 - Topology of the Rdssler flow.

1. The characteristic determinant of the stability matrix that yields the equilibrium
point stability (4.31) yields

-1 -1 -1

1 a-4 0 =0
z 0 xt—-c-21

P+lFa-x+0+1@ax —c)+1+xt/a)+c—2x =0.

Equation (4.59) follows after noting that x* —c = ¢(p*—1) = —cp* and2x*—c =
c2p* - 1) = ¢ VD, see (2.8).

2. Approximate solutions of (4.59) are obtained by expanding p* and VD and
substituting into this equation. Namely,

VD =1-26%-2¢* -4 —...
P =+ +20 4.
pt =1-€&-€e-2e5+...

In case of the equilibrium “-", close to the origin expansion of (4.59) results in
(A2 + 1A +0) = —eA(1 = & - cA) + €2c(A* +2) + 0(€?)

The term on the left-hand side suggests the expansion for eigenvalues as
Al=—-C+ea+..., Ady+ibh=€ebi+i+...

after some algebra one finds the first order correction coefficients a, = ¢/(C*+1)
and b, = (& +1)/2(¢? + 1)). Numerical values are 1, ~ —5.694, A, + ith ~
0.0970 + i1.0005.

In case of p*, the leading order term in (4.59) is 1/e. Set X = A/¢, then expan-
sion of (4.59) results in

X=C—ex—e>(2c—X) — (X —cx?) — €*(2c = x(1 + ) + cx®) + o(eh)

Solve for real eigenvalue first. Set X = C+ ea; + €2a, + €a3 + e*ay +.... The
subtle point here is that leading order correction term of the real eigenvalue is
€a,, but to determine leading order of the real part of complex eigenvalue, one
needs all terms a, through ay.
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Collecting powers of € results in

€ a+c=0 a = -C
e: c+a+a=0 a= 0
E: a-—a-a=0 a3s= -C
e c+Ca—amt+az+au=0 a= C.

hence
uV =ex=a-a’/c+o(e) ~ 0.192982 .

To calculate the complex eigenvalue, one can make use of identities det A =
[TA=2x"—c,andtrA= Y 1 =a+ x" —c. Namely,

A = %(a_ cp™—Ap) = _2a_; + 0(55) ~ —0.49 x 1076,

6, = ,/2%*—15: ¢ (1 + 0(e)) ~ 5.431.

(R. PaSkauskas)
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Chapter 5. Cycle stability

Solution 5.1 - A limit cycle with analytic Floquet exponent. The 2 — dimensional
flow is cooked up so that x(t) = (q(t), p(t)) is separable (check!) in polar coordinates

q=rcos¢, p=rsing:

r=r(l-r»), ¢=1. (S.8)

In the (r, ¢) coordinates the flow starting at any r > 0 is attracted to the r = 1 limit
cycle, with the angular coordinate ¢ wraping around with a constant angular velocity
w = 1. The non-wandering set of this flow consists of the r = 0 equilibrium and the
r =1 limit cycle.

Equilibrium stability: As the change of coordinates is defined everywhere except at
the equilibrium point (r = 0, any ¢), the equilibrium stability matrix (4.31) has to be
computed in the original (g, p) coordinates,

A:[ ! 1}. (5.9)

The eigenvalues are A = u+ iw = 1 + i, indicating that the origin is linearly unstable,
with nearby trajectories spiralling out with the constant angular velocity w = 1. The
Poincaré section (p = 0, for example) return map is in this case also a stroboscopic
map, strobed at the period (Poincaré section return time) T = 2n/w = 2x. The radial
Floquet multiplier per one Poincaré return is |A| = eT = &7 .

Limit cycle stability: From (S.8) the stability matrix is diagonal in the (r,¢) coordi-
nates,

A:[ 1‘03r2 8 ] . (5.10)

The vanishing of the angular 2’ = 0 eigenvalue is due to the rotational invariance of
the equations of motion along ¢ direction. The expanding A" = 1 radial eigenvalue
of the equilibrium r = 0 confirms the above equilibrium stability calculation. The
contracting A" = -2 eigenvalue atr = 1 decreases the radial deviations fromr = 1
with the radial Floquet multiplier A, = €T = e per one Poincaré return. This limit
cycle is very attracting.

Stability of a trajectory segment: Multiply (S.8) by r to obtain %r? =12 —r*, set

r? = 1/u, separate variables du/(1—u) = 2 dt, and integrate: In(1—u)—In(1—-ug) = —2t.
Hence the r(ry, t) trajectory is

r)y2 =1+, - e, (S.11)
The [1x1] Jacobian matrix

J(ro, 1) = o) . (S.12)
ar0 ro=r(0)
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satisfies (4.9)
%J(r,t) = A J(r,t) = (1 -3r1> I(r,1), J(rp,0)=1.

This too can be solved by separating variables d(In J(r, t)) = dt — 3r(t)2dt, substituting
(S.11) and integrating. The stability of any finite trajectory segment is:

J(ro,t) = (1} + (1 = rj)e 2y 2e™, (S.13)

On the r = 1 limit cycle this agrees with the limit cycle multiplier A,(1,t) = e, and
with the radial part of the equilibrium instability A, (ro,t) = € forrg < 1. (P.
Cvitanovi¢)

Solution 5.2 - The other example of a limit cycle with analytic Floquet exponent.
Email your solution to ChaosBook.org and G.B. Ermentrout.

Solution 5.3 - Yet another example of a limit cycle with analytic Floquet expo-
nent. Email your solution to ChaosBook.org and G.B. Ermentrout.
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Chapter 6. Get straight

Solution 6.1 - Harmonic oscillator in polar coordinates.  Harmonic oscillator
equations in Cartesian coordinates are

p:—q’ q: p. (814)
In polar form, we write

q=rcosf, p=rsind. (8.15)

The inverse of the Jacobian a{q,p; of this transformation is

ofr,0

cos 6 sin 0
o0 _ , (S.16)
o1q, p} —Lsing 1cos6
leading to
r cos 6 sin 6 q 0
| = o ( ]:( ) (8.17)
6 —Lsing {cos@ p -1
(R. Wilczak)

Solution 6.2 - Coordinate transformations. (No solution available.)

Solution 6.3 - Linearization for maps. (difficulty: medium) The first few terms of
the map h that conjugates f to az

f(2) = h™'(ah(2)).

are determined many places, for example in ref. [16.9].

There are conditions on the derivative of f at the origin to assure that the con-
jugation is always possible. These conditions are formulated in ref. [1.26], among
others.

Solution 6.4 - Ulam and tent maps. This conjugacy is derived in many introductory
chaos textbooks: see, for example, ref. [6.11] for a detailed discussion.
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Chapter 7. Newtonian dynamics

(No solutions available.)
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Chapter 8. Billiards

Solution 8.1 - A pinball simulator.  Examples of pretty pinballs are A. Priigel-
Bennett’s xpinball.c and W. Benfold’s java programs, available at ChaosBook.org/extras

Solution 8.4 - Billiard exercises. Korsch and Jodl [1.16] have a whole book of

numerical exercises with billiards, including 3-disks.

Solution 8.6 - Birkhoff coordinates. Hint: compute the determinant of (8.11).
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Chapter 9. World in a mirror

Solution 9.1 - Polynomials invariant under discrete operations on R3.  See
Gilmore and Letellier [9.14], Sect. 2.1.

Solution 9.2 - Gy ¢ G. Keep in mind that the representation of gj o ¢; is g gi.

Closure: If gi, 9j € Gy, then (g; gi) X = gj(gi X) = gj X = X and thus gj o ¢ € Gy.
Associativity: Trivial.
Identity e: ex = X for any X and thus e € Gy.

A W DN B

Inverse g~': For every g € Gy, there exists a unique element
h=g"'! eGsuchthathog=goh=e We needtoshowg™ € Gyx. Multiply
gx = xfromthe leftwithg™" to getg™' gx = g~' xorg™' x = xand thusg~! € Gy.

(Evangelos Siminos)
Solution 9.4 - Isotropy subgroup of gx. For every h e Ggx we have

h(gx) = gx

Multiplying from the left with g~ and using associativity we get (g~ hg)x = x and
thus g™ o ho g € Gy for every h € Ggy. Therefore x and gx have conjugate isotropy
subgroups. (Evangelos Siminos)

Solution 9.6 - Reduction of 3-disk symbolic dynamics. The answer is given in
sect. 21.6, see figure 9.6, figure 9.9, figure 12.12. Some remarks concerning part

(c):

If an orbit does not have any spatial symmetry, its length in the fundamental do-
main is equal to that in the full space. One fundamental domain orbit corresponds
to six copies of the orbit in the full space related to each other by symmetries. If a
periodic orbit does have a spatial symmetry, then its fundamental domain image is a
fraction of that in the whole space, and the orbit (and its symmetry partners) in the
full space is tiled by copies of the relative periodic orbit, corresponding to an orbit in
the fundamental domain. The higher symmetry an orbit has, the shorter the relative
periodic orbit.

Another way to visualize a fundamental domain orbit: put a periodic orbit and all
its spatial symmetry relatives simultaneously in the full space. The segments that fall
into a fundamental domain constitute the orbit in the fundamental domain. (Y. Lan)

Solution 12.6 - 3-disk fundamental domain symbolic dynamics. Read sect. 1.4.

Solution 9.8 - Lorenz system in polar coordinates: group theory. No solution
available.

Solution 9.9 - Proto-Lorenz system. This exercise is based on Miranda and
Stone [9.12]; their paper gives a detailed discussion.

1. The proto-Lorenz equation, (2.12), in terms of variables (U, V, 2) = (X*=Y?, 2Xy, 2) :
u
\Y
z
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Figure S.8: (a) The Lorenz attractor. (b) The Rossler-like proto-Lorenz attractor, with points related
by rotation symmetry about the z-axis identified. (From ref. [H.8].)

4. The equilibria of proto-Lorenz: origin the same, (U,v,2) = (0,0,0). The R-
symmetric pair (2.13) is now a single equilibrium at

Ugg, = (0,2b(r - 1),r - 1). (S.19)
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Chapter 10. Continuous symmetries

Solution 10.1 - Visualizations of the 5-dimensional complex Lorenz flow. A
numerical solution of the set of ODEs (10.2) is obtained by using the Mathematica
NDSolve function, for t from O to 100 and setting the initial (X1, X2, Y1, Y2,2) to some
arbitrary value. We set MaxSteps — Infinity in order to resolve the fine structure
of the flow. The solution is then plotted by means of ParametricPlot3D, in any
three of the five {Xi, X2, Y1, Y2, Z} axes. Figure 10.1 illustrates the shape of the attractor
projected onto the {X;, X,, Z} subspace, with (10.2) parameter values. Projections onto
{y1,¥2,2 and other subspaces are visually similar, and seem not to offer additional
insights into dynamics of this system.

Here is a Mathematica program that generates a long-time plot of complex Lorenz
equations, such as figure 10.1, initiated from a point on the attractor (after this inte-
gration, the initial condition ic is the final point of the preceding integration):

vit_]={-oc x1[t] + o yl[t], -o x2[t] + o y2[t],
(rl - z[tDx1[t] - r2x2[t] - y1[t] - ey2[t],
r2x1[t] + (rl1 - z[t])x2[t] + eyl[t] - y2[t],

-b z[t] + xI1[t]yl[t] + x2[t]y2[t]};

x[t] = {x1[t], x2[t], yl[t], y2[t], z[t]};
d=Length[x[t]];
eqns=Table[D[x[t][[i]],t]==v[t][[i]],{i,1,d}];
xde={x1, x2, yl, y2, z};

ri= 28; r2=0; b=8/3; e=1/10; o=10;

tf= 80;

ic={x1[0]==0.867, x2[0]==-0.455, y1[0]==-0.552, y2[0]==0.453,
z[0]==22.4};

sol=NDSolve[{eqns,ic}, xde, {t,0,tf}, MaxSteps — ~]//Flatten;
traj[t_]=x[t]/.sol;

pl=ParametricPlot3D[{traj[t][[1]], traj[t][[2]], traj[t][[5]]},
{t,0,tf}, PlotPoints — 400, PlotRange — All]
ic=Table[x[0][[i]]==traj[tf][[i]], {i,1,d}];

(R. Wilczak)

Solution 10.2 - A flow with two Fourier modes. (Solution not available.)

Solution 10.3 - SO(2) rotations in a plane. Expand exp(6T) as a power series,
noting that

2
N (VA O
S

See also example 4.5. (P. Cvitanovi¢)

Solution 10.5 - U(1) equivariance of complex Lorenz equations for finite angles.
Multiply the coordinates by a complex phase: x — €’x, y — €y. Equivariance of
(10.1) follows by inspection. If all coefficients are real, there is also a discrete C,
symmetry under complex conjugation of the three equations. However, we consider
here the cases where one or both of the parameters r and a are complex, breaking
this discrete symmetry. (P. Cvitanovi¢)
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Solution 10.6 - SO(2) equivariance of complex Lorenz equations for finite an-
gles. For this problem, the operation is rotation and v(X) is given by (10.2). Rotation
can be defined using the matrix g(6) defined in (10.18), where 6 is the angle of rotation.
We need to verify that

V(X) = g7'V(gX) . (S.20)

First, the system is rotated as

cos(f)  sin(6) 0 0 0 X1 (1)

—sin(f) cos() 0 0 0 X (1)
0 0 cos(f) sin(@) O yit) |. (S.21)
0 0 —sin(d) cos(@) O Ya(t)
0 0 0 0 1 Z(t)

The time derivative of the resulting matrix is taken, and then it is multiplied on the left
by the inverse of the rotation matrix, giving

oy1(t) — ox (1)
oy (D) — X (1)
gv(EX) = | —TaXe(t) —yi(t) — ey () + x (D1 — b)) |, (8.22)
raXi(t) + eyr(t) — 2 () + x(O(r; — z(t))
X (01 (1) + X2 ()y»(t) — bz(t)

which is the same as the original system of ODESs, so that the system is rotationally
equivariant for all finite angle rotations. (R. Wilczak)

Solution 10.7 - Stability matrix of complex Lorenz flow.  The stability matrix
(10.26), defined in (4.3)), for complex Lorenz flow (10.2) can be computed by Mathematica
program

vit] = {x1'[t], x2'[t], y I'[t], y2'[t], Z[t]} ;
X[t] = {xI[t], x2[t], y I[t], y 2(t], Z{t]};
A = DIv{t], {x[t], 1}]

(R. Wilczak and P. Cvitanovic)

Solution 10.8 - Rotational equivariance of complex Lorenz equations for in-
finitesimal angles. Now that we have the stability matrix (10.26), we can check
the equivariance condition (10.24), 0 = —=Tw(X) + AT X, where A is the stability matrix
(4.3), by explicit substitution. The matrix T is (10.17). Plugging these into (10.24), as
well as using (10.2) for v(X), the result is indeed 0, as expected. Then the system is
rotationally equivariant for infinitesimal angles. (R. Wilczak)

Solution 10.9 - Discover the equivariance of a given flow? If M is in the Lie alge-
bra, by the equivariance condition (10.24) the Lie derivative Mv(X) — AMX vanishes.
You have v(X) and the stability matrix A, hence try finding whether a M can be found
such that the Lie derivative vanishes. You know that if the symmetry group is a sub-
group of SO(d), the Lie algebra elements M can be taken antisymmetric. (Have not
tried to solve this problem, so let us know if you succeed) (P. Cvitanovi¢)
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Solution 10.10 - Equilibria of complex Lorenz equations. To find these points for
complex Lorenz equations, | used the Solve function in Mathematica, with

X; (1) oy (t) —ox (1) 0
X(D) Ty, () — ox(D) 0
ity [=| —nx®) -y -eynp® + xi(@ -zD) (=] 0
y2(D) rx1(D) + ey (H) — y2 (1) + (D) (11 - A1) 0
Z(t) x1(Oy1() + x2(Dy2(H) — bz(t) 0

as the equations defining the system, and then solved for (X;(t), X (1), y1 (1), y2(1), z(1)).
Mathematica returns the point (0,0,0,0,0) as the only solution, and thus (I hope,
have no proof) the only equilibrium point. (R. Wilczak)

Solution 10.11 - Equilibria of complex Lorenz equations.  See Siminos the-
sis [10.5].
Solution 10.12 - Complex Lorenz equations in polar coordinates. We use the

same method here as in exercise 6.1. The Jacobian of this transformation can be
written as

cos(8)) sin(6) 0 0 0
sin(6;) cos(6;)
- =L 0 0 0
r r
M,61,12.6,2 | 0 cos(@) sin@) 0 (S.23)
X1, X2, Y1, Y2, 2} 0 0 _sin@) o0
I I,
0 0 0 0 1

Multiplying the velocity matrix on the left by the Jacobian (S.23), we get

81 —o(ry —rycosé)

0, —0'% sin@

Iy |=| —ra+r; ((pl —2)cosf —pr sinf) |,
92 e+ %((pl —2)sinf + p; cos 0)

z —bZ+|’1|’2COSQ

where 6 = 6, — 6,. Following ref. [10.5], we set p, = 0 in what follows. We rewrite this
as 4 coupled equations (10.58), and two driven ones for the two angles,

0\ _ —o#sinf
( b, )_( e+ (p1 —IZ)% sinf |- (S.24)

Our result confirms formulas stated in ref. [10.5]. (R. Wilczak and P. Cvitanovic)

Solution 10.13 - Visualizations of the complex Lorenz flow in polar coordinates.
(solution not available)

Solution 10.14 - Computing the relative equilibrium TW;. A relative equilibrium
point occurs when the derivatives (10.58) are equal to zero (so that the difference
between the two angles 6, and 0, is constant, but the angles themselves are not
constant). We use the Solve function (or the Reduce function) in Mathematica to find
these points.
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Figure S.9: {ry,r,, 2 plot of the complex Lorenz flow,
with initial point close to TW; (note the scales).

We define the system in Solve by setting all time derivatives in (10.58) to zero.
Mathematica returns eight solutions of the form

e
7ty — Pl—l—(0_+1)2

. Ve + (o + 1)24/-b(€ - (o1 — D(0 + 1)?)
- (o +1)?
NDE - - D@+ 1P
- o+ 1]
2
o) — +cos!|a—TT V((’”)) .25
(t) + cos [+m (S.25)

Lt -

My -

The solutions differ by combinations of negative and positive ry, 1, 6. A negative r;
solution corresponds to the same group orbit of solutions, related to the positive r;
solution by a rotation by n. The ry > 0,r, > 0 condition in (10.57) reduces these

solutions to two, differing by the sign of cos™! term. As will be further shown in ex-
ercise 10.16, the two +cos™!(---) solutions are equivalent. We can write the solution
compactly as in (10.59), in agreement with ref. [10.5]. For the (10.2) parameter values,
the relative equilibrium is at

xTw, = (r1,12,6,2) = (8.48527, 8.48562,0.00909066, 26.9999) . (S.26)

The angular velocity of relative equilibrium TW, follows from (S.24). Both angles move
with the same velocity (10.60) and period Ttw, = 2n(c + 1)/c0e. Ttw, = 69.115--- for
the (10.2) parameter values. That implies that the simulation has to be run up to time
of order of at least 70 for the strange attractor in figure 10.1 to start filling in. (R.
Wilczak and P. Cvitanovic)

Solution 10.15 - Relative equilibrium TW, in polar coordinates. The same
method as in exercise (10.1) can be used here. First, a numerical solution is found
with NDSolve fort going O to 10 and initial point TW,. We again set MaxSteps —
Infinity in order to resolve the structure of the flow. Using ParametricPlot3D to
plot the flow in {ry,r,, 2} axes, Figure S.9 illustrates the shape of the flow with (10.2)
parameter values. (R. Wilczak)
Solution 10.16 - Relative equilibrium TW, in Cartesian coordinates. Using the

same method as in exercise 10.15 and in exercise 10.1, we can plot the relative equi-
librium in Cartesian coordinates. However, the Cartesian system is five-dimensional
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and our polar system has only four dimensions. To resolve this, we set 8, to an arbi-
trary value and set 6, = 6+6,. With this and (10.57), we can verify the numerical value
(10.61) of a point on the TW, orbit in Cartesian coordinates. Using Mathematica to
plot the system with t going from 0 to 100, figure 10.4 shows the complex Lorenz flow
at TW, projected onto the {X;, X, Z} subspace.

Note that the for a relative equilibrium the flow is along a circle, i.e., the group-
orbit of any point on it, but due to finite precision of the initial point and the integration,
the trajectory eventually spirals away in a "horn” shape. This circle cuts through the
middle of the complex Lorenz equations strange attractor, as shown in figure 10.1. (R.
Wilczak)

Solution 10.17 - Eigenvalues and eigenvectors of TW; stability matrix. Using the
Mathematica function Eigensytemand setting (ry, 2, 6, 2)(0) to the values in (S.26) we
obtain

(A12, A3, A4) = (0.0938179 + 10.1945i, —11.0009, —13.8534)

as the eigenvalues of the system with the associated eigenvectors:

Ree, = (0.266121,-0.0321133,0.00034139,0.719222)
Ime, = (0.295017,0.569063,0.000551886, 0)
&5 = (—0.0883591,-0.0851485, —~0.989135, —0.0809553)
e, = (—0.855586,-0.329912, —0.00273531, —0.398902) (S.27)

(R. Wilczak and P. Cvitanovic)

Solution 10.18 - The eigen-system of TW, stability matrix in polar coordinates.
In order to plot the complex eigenvectors, we split them into their real and com-
plex parts as in exercise 10.20. Using the same method as in exercise 10.1, exer-
cise 10.16, and exercise 10.15, we can plot the flow in polar coordinates with an initial
point very near to TW; along one of the eigenvectors. Figure S.10 shows just this.
(R. Wilczak)

Solution 10.19 - Eigenvalues and eigenvectors of EQg stability matrix. Using the
Mathematica function Eigensytem and setting (X;, X2, Y1,Y2,2) = (0,0,0,0,0) att = 0
we obtain the eigenvalues, the associated eigenvectors:

(A2, A34,45) = (11.8277 +0.062985i, —22.8277 + 0.037015i, —2.66667)
e =€ = (0.00132196+ 0.458131i,0.458131 - 0.00132196i,i, 1,0)
& =¢g = (0.002249-0.77955i,-0.77955 — 0.002249i,2.84217 + 1, 1, 0)
e = (0,0,0,0,1). (S.28)

(R. Wilczak)

Solution 10.20 - The eigen-system of the stability matrix at EQq. In order to plot
the complex eigenvectors, we split them into their real and complex parts and plot
each separately (so that one complex eigenvector becomes two, defining a plane). By
examining the eigensystem, we can get a sense of what happens to points near the
equilibrium EQy. The numerical values of the real parts of the eigenvalues determine
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Figure S.10: {ry,r,, 2} plot of the eigenvector e; with
initial point at % €; (violet), integrated for time t from
0 to 100.

Figure S.11: {x;, %, z} plot of the expanding eigen-
vector € (red) and the contracting eigenvector e, (yel-
low) of the equilibrium Ej stability matrix of complex
Lorenz flow, with initial point at 0.01 €.

how quickly the flow will converge onto or diverge away from the equilibrium. For a
positive real part the flow will diverge, and for a negative real part it will converge.
Complex eigenvalues also indicate that the motion will be spiraling.

For the complex Lorenz equations equilibrium EQy, the values (S.28) of the imag-
inary parts are orders of magnitude smaller than the real parts, so that there will be
very little spiraling. The large values of the real parts tell us that the flow will di-
verge/converge from the equilibrium very quickly.

To illustrate this, we plot the eigenvectors (as real and imaginary parts) and the
flow at initial points close to EQy. The two real vectors (corresponding to a single
complex eigenvector) define the plane in which the flow will spiral. We initiate the flow
very close to EQ, at a point along one of these vectors. In figure S.11, we can see
that for the vectors with a very small imaginary part and a positive real part, the flow
does not spiral noticeably and that it diverges away from the equilibrium very quickly.

We arrive at figure S.11 using the same method as in the previous plotting exer-
cises (exercise 10.1, exercise 10.15, exercise 10.16). As the eigenvalues are nearly
real, the stable/unstable 2d manifolds barely spiral, and are not very illuminating. (R.
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Figure S.12: (a) {X;, %, 2 plot of the complex
Lorenz flow as each point is rotated back to the
plane. The time step used to make this plot was
0.01 and the integration went fromt = 0 to t = 50.
(b) With the points connected into a curve. (a)

Wilczak)

Solution 10.21 - SO(2) or harmonic oscillator slice: We can now construct a
moving frame as follows. We write out explicitly the group transformations:

x|
I

Xcos 6 —ysinf
Xsinf +Yycosf.

<l
I

Then set X = 0 and solve (S.29) for the group parameter to obtain the moving frame
6 = tan”! x/y (S.29)

which brings any point back to the slice. Substituting (S.29) in the remaining equation,
we get the SO(2)-invariant expressiony = \/m (E. Siminos)
Solution 10.22 - State space reduction by a slice. We start by setting the initial
point and the time step that will be used during the integration. Using Mathematica,
we first remove the z component of the initial point so that we have x(0) — x(0) - 2 =
{x1(0), %(0), y1(0), ¥2(0), 0}. In order to rotate each of the points, we must construct the
group representation matrix (10.18), where 6 is the angle between the new point (mi-
nus the z component) and the positive x; axis (X; = {1,0,0,0,0}). From exercise 10.5,
we know that the complex Lorenz equations are invariant for this kind of rotation, so
that when we reduce the complex Lorenz flow it contains the same information as the
5-dimensional system. We do not need to determine the angles themselves, we need
only their cosines and sines. The cosine is found by a dot product as cos(6) = X- X;/|X|.

Sines can be found by rotating each point by n/2 and then taking the dot product
as with cosine. Taking the first point, we first rotate it with g, and starting with this
rotated point, we integrate over the defined time step. We then take the last point from
the integration, find its g and rotate it, then use it at the beginning of the next integration
from t = timestep to t = 2. timestep. This process continues (using a For loop in
Mathematica) until the end of the integration (at an arbitrary time). The resulting list
of rotated points is then plotted. Using this method, we produced figure S.12. (R.
Wilczak)

Solution 10.23 - State space reduction by a slice, ODE formulation: Infinitesimal
time version of the moving frames symmetry reduction is attained by taking small time
steps in figure 10.11 and dropping the higher order terms, as in sect. 10.4.2:

dxX™ = dtv(x™) + dot™ T
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Figure S.13: Method of moving frames, continuous
time version, for the polar coordinates motivated X" =
(0,1,0,0), X, = 0, % > 0, slice. The strange attrac-
tor of figure 10.1 in the reduced state space, {X,, Y», 2}
projection exhibits a discontinuity at X, = 0.

The infinitesimal angle is proportional to the time step,

_ & - v(x™
9(1n) ~ sin Q(In) = —dt % ~ —dt Vl(x(n))/x(zn) ’
1

where (r1,6,) are polar coordinates, r; = (X} + X3)'/?, see (10.57). Our slice co