
Appendix S

Solutions

Chapter 1. Overture

Solution 1.1 - 3-disk symbolic dynamics. There are 2k topologically different k-
step trajectories starting from each disk, and the 3-disk pinball has 3 · 2n−1 periodic
points with length n itineraries composed of disk labels {1, 2, 3}.

As explained in sect. 1.4, each orbit segment can be characterized by either of
the two symbols 0 and 1, differentiating topologically bouncing back or going onto the
third disk.

Prime cycles in the 3-disk space (prime cycles in fundamental domain, respec-
tively) are

• Of length 2: 12,13,32 (or 0).

• Of length 3: 123,321 (or 1).

• Of length 4: 1213,1232,1323 (or 01).

• Of length 5: 12123,12132,12313,12323,13132,13232 (or 00111).

Some of the cycles are listed in table 12.2 and drawn in figure ??. (Y. Lan)

Solution 1.1 - 3-disk symbolic dynamics. Starting from a disk we cannot end up at
the same disk in the next step, see figure S.1. We have 3 choices for the first disk and
2 choices for the next disk at each step, hence at most 3 · 2n−1 itineraries of length n

Thus, it remains to show that any symbol sequence with the only constraint of no
two identical consecutive symbols is realized. The most convenient way to do so is
to work with the phase space representation of the pinball machine. Parametrize the
state right after a reflection by the label of the disk, the arc length parameter corre-
sponding to the point of reflection, and the sinφ with φ being the angle of reflection
relative to the normal vector, see figure S.1. Thus the Poincarśection consists of three
cylinders, with the arc length parameter is cyclic on each disk, as shown in figure S.2.

Consider disk “1” as the starting point. Fixing the angle of reflection, by vary-
ing the position all the way around the disk we first escape, then hit disk “3” , then
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Figure S.1: Geometry of the 3-disk pinball.
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Figure S.2: (a) The phase space of the 3-disk pinball. (b) The part of phase space which remains
on the table for one more iterate. (c) The images of the disks in one iteration.

escape, then hit disk “2” , and then escape again, when increasing the arc length pa-
rameter in the manner indicated in figure S.1 (a). Thus–if the disks are sufficiently well
separated–there are two strips of initial conditions which do not escape. By symme-
try this yields figure S.1 (b) where the numbers indicate onto which disk these initial
trajectories are going to end up on. By time reversal Figure S.1 (c) shows the strips
labeled by disk where the pinball came from.

Combining figure S.1 (b) and (c) we obtain three sections, which are the same
except for the labeling of the disks. One of such section is shown in figure S.3.

The billiard map enjoys a certain monotonicity, as depicted in figure S.4, which
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ẋ
=

ex
p(

ẋ)
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For a = b = 0.2, c = 5.7 in (2.17), ε ≈ 0.035, so

(x−, y−, z−) = ( 0.0070, −0.0351, 0.0351 ) ,
(x+, y+, z+) = ( 5.6929, −28.464, 28.464 ) . (S.6)

(R. Paškauskas)

Solution 2.10 - Classical collinear helium dynamics. An example of a solution are
A. Prügel-Bennett’s programs, available at ChaosBook.org/extras.

soluFlows - 2apr2005 ChaosBook.org version13, Dec 31 2009

APPENDIX S. SOLUTIONS 917

Chapter 3. Discrete time dynamics

(No solutions available.)

soluMaps - 12jun2003 ChaosBook.org version13, Dec 31 2009
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APPENDIX S. SOLUTIONS 924

Chapter 7. Newtonian dynamics

(No solutions available.)

soluNewton - 12jun2004 ChaosBook.org version13, Dec 31 2009

APPENDIX S. SOLUTIONS 925

Chapter 8. Billiards

Solution 8.1 - A pinball simulator. Examples of pretty pinballs are A. Prügel-
Bennett’s xpinball.c and W. Benfold’s java programs, available at ChaosBook.org/extras

Solution 8.4 - Billiard exercises. Korsch and Jodl [1.16] have a whole book of
numerical exercises with billiards, including 3-disks.

Solution 8.6 - Birkhoff coordinates. Hint: compute the determinant of (8.11).

soluBilliards - 13jun2008 ChaosBook.org version13, Dec 31 2009
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[
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[
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[
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[
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P
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[
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ć)

S
o

lu
ti

o
n

10
.8

-
R

o
ta

ti
o

n
al

eq
u

iv
ar

ia
n

ce
o

f
co

m
p

le
x

L
o

re
n

z
eq

u
at

io
n

s
fo

r
in

-
fi

n
it

es
im

al
an

g
le

s.
N

ow
th

at
w

e
ha

ve
th

e
st

ab
ili

ty
m

at
rix

(1
0.

26
),

w
e

ca
n

ch
ec

k
th

e
eq

ui
va

ria
nc

e
co

nd
iti

on
(1

0.
24

),
0
=
−T

v(
x)
+

A
T

x,
w

he
re

A
is

th
e

st
ab

ili
ty

m
at

rix
(4

.3
),

by
ex

pl
ic

it
su

bs
tit

ut
io

n.
T

he
m

at
rix

T
is

(1
0.

17
).

P
lu

gg
in

g
th

es
e

in
to

(1
0.

24
),

as
w

el
la

s
us

in
g

(1
0.

2)
fo

r
v(

x)
,

th
e

re
su

lt
is

in
de

ed
0,

as
ex

pe
ct

ed
.

T
he

n
th

e
sy

st
em

is
ro

ta
tio

na
lly

eq
ui

va
ria

nt
fo

r
in

fin
ite

si
m

al
an

gl
es

.
(R

.W
ilc

za
k)

S
o

lu
ti

o
n

10
.9

-
D

is
co

ve
r

th
e

eq
u

iv
ar

ia
n

ce
o

f
a

g
iv

en
fl

o
w

?
If

M
is

in
th

e
Li

e
al

ge
-

br
a,

by
th

e
eq

ui
va

ria
nc

e
co

nd
iti

on
(1

0.
24

)
th

e
Li

e
de

riv
at

iv
e

M
v(

x)
−

A
M

x
va

ni
sh

es
.

Yo
u

ha
ve

v(
x)

an
d

th
e

st
ab

ili
ty

m
at

rix
A

,h
en

ce
tr

y
fin

di
ng

w
he

th
er

a
M

ca
n

be
fo

un
d

su
ch

th
at

th
e

Li
e

de
riv

at
iv

e
va

ni
sh

es
.

Yo
u

kn
ow

th
at

if
th

e
sy

m
m

et
ry

gr
ou

p
is

a
su

b-
gr

ou
p

of
SO

(d
),

th
e

Li
e

al
ge

br
a

el
em

en
ts

M
ca

n
be

ta
ke

n
an

tis
ym

m
et

ric
.

(H
av

e
no

t
tr

ie
d

to
so

lv
e

th
is

pr
ob

le
m

,s
o

le
tu

s
kn

ow
if

yo
u

su
cc

ee
d)

(P
.C

vi
ta

no
vi

ć)
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                 

=

                 

−σ
( r

1
−

r 2
co

sθ
)

−σ
r 2 r 1

sin
θ

−r
2
+

r 1
( (ρ

1
−

z)
co

sθ
−
ρ

2
sin

θ)
e
+

r 1 r 2
( (ρ

1
−

z)
sin

θ
+
ρ

2
co

sθ
)

−b
z
+

r 1
r 2

co
sθ

                 

,

w
he

re
θ
=
θ 1
−
θ 2

.
Fo

llo
w

in
g

re
f.

[1
0.

5]
,w

e
se

tρ
2
=

0
in

w
ha

tf
ol

lo
w

s.
W

e
re

w
rit

e
th

is
as

4
co

up
le

d
eq

ua
tio

ns
(1

0.
58

),
an

d
tw

o
dr

iv
en

on
es

fo
r

th
e

tw
o

an
gl

es
,

(

θ̇ 1 θ̇ 2

)

=

(

−σ
r 2 r 1

sin
θ

e
+

(ρ
1
−

z)
r 1 r 2

sin
θ

)

.
(S

.2
4)

O
ur

re
su

lt
co

nfi
rm

s
fo

rm
ul

as
st

at
ed

in
re

f.
[1

0.
5]

.
(R

.W
ilc

za
k

an
d

P.
C

vi
ta

no
vi

ć)
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Figure S.18: Plot of the escape rate versus a for
the logistic map xn+1 = axn(1− xn) calculated from
the first five periodic orbits.
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Solution 20.2 - Escape rate for a 1 − dimensional repeller We can compute an
approximate functional dependence of the escape rate on the parameter a using the
stabilities of the first five prime orbits computed above, see (S.40). The spectral det-
erminant (for a > 4) is

F = 1 − 2z
a − 1 −

8z2

(a − 3)(a − 1)2(a + 1)

+

(

2(32 − 18a + 17a2 − 16a3
+ 14a4 − 6a5

+ a6)
(a − 3)(a − 1)3(1 + a)(a2 − 5a + 7)(a2 + a + 1)

(S.42)

− 2a(a − 2)
√

(a2 − 2a − 7)
(a2 − 5a + 7)(a2 − 2a − 7)(a2 + a + 1)

)

z3

The leading zero is plotted in figure S.18; it always remains real while the other two
roots which are large and negative for a > 5.13 . . . become imaginary below this critical
value. The accuracy of this truncation is clearly worst for a → 4, the value at which
the hyperbolicity is lost and the escape rate goes to zero.

(Adam Prügel-Bennet)

Solution 20.3 - Escape rate for the Ulam map. The answer is worked out in
Nonlinearity 3, 325; 3, 361 (1990).

Solution 20.11 - Escape rate for the Rössler system. No solution available as
yet.

soluRecyc - 15nov2007 ChaosBook.org version13, Dec 31 2009
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Chapter 21. Discrete symmetries factorize spectral deter-
minants.

Solution 21.2 - Sawtooth map desymmetrization. No solution available as yet.

Solution 21.4 - 3-disk desymmetrization.

b) The shortest cycle with no symmetries is 121213.

c) The shortest fundamental domain cycle cycle whose time reversal is not ob-
tained by a discrete symmetry is 010011. It corresponds to 121313212323 in
the full space.

Ben Web

Solution 21.5 - C2 factorizations: the Lorenz and Ising systems. No solution
available as yet.

Solution 21.6 - Ising model. No solution available as yet.

Solution 21.7 - One orbit contribution. No solution available as yet.

Solution ?? - Characters. No solution available as yet.

soluSymm - 13jul2000 ChaosBook.org version13, Dec 31 2009
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The only terms that survive are those for which j = i − 1 (that is the top diagonal in
the figure) thus

(1 − u)P2 = u−1
∞∑

i=1
u2i

and

(1 − u)(1 − u2)P2 = u−1
(

u2
+ u4
+ · · · − (u4

+ u6
+ · · ·)

)

= u

Thus

P2 =
u

(1 − u)(1 − u2)

In general

(1 − u)Pn =

∑

in>in−1>···i1≥0
uin+in−1+···+i1 −

∑

in>in−1>···i1≥0
uin+in−1+···+(i1+1)

(S.44)
= u−1

∑

in>in−1>···i2≥1
uin+in−1+···+2i2 (S.45)

since only the term i1 = i2 − 1 survives. Repeating this trick

(1 − u)(1 − u2)Pn = u−1−2
∑

in>in−1>···i3≥2
uin+in−1+···+3i3

and

n∏

i=1
(1 − ui) Pn = u−(1+2+···+n)un(n−1)

= un(n−1)/2

Thus

Pn =
un(n−1)/2

∏n
i=1(1 − ui) .

(Adam Prügel-Bennet)

Solution 23.3 - Euler formula, 2nd method. The coefficients Qk in (23.4) are given
explicitly by the Euler formula

Qk =
1

1 − Λ−1
Λ
−1

1 − Λ−2 · · ·
Λ
−k+1

1 − Λ−k
. (S.46)

soluConverg - 12jun2003 ChaosBook.org version13, Dec 31 2009
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Such a formula is easily proved by considering the finite order product

W j(z, γ) =
j∏

l=0
(1 + zγl) =

j+1∑

l=0
Γlz

l

Since we have that

(1 + zγ j+1)W j(z, γ) = (1 + z)W j(γz, γ) ,

we get the following identity for the coefficients

Γm + Γm−1γ
j+1
= Γmγ

m
+ Γm−1γ

m−1 m = 1, . . . .

Starting with Γ0 = 1, we recursively get

Γ1 =
1 − γ j+1

1 − γ Γ2 =
(1 − γ j+1)(γ − γ j+1)

(1 − γ)(1 − γ2)
. . . .

the Euler formula (23.5) follows once we take the j→ ∞ limit for |γ| < 1.

(Robert Artuso)

Solution 23.3 - Euler formula, 3rd method. First define

f (t, u) :=
∞∏

k=0
(1 + tuk) . (S.47)

Note that

f (t, u) = (1 + t) f (tu, u) , (S.48)

by factoring out the first term in the product. Now make the ansatz

f (t, u) =
∞∑

n=0
tngn(u) , (S.49)

plug it into (S.48), compare the coefficients of tn and get

gn(u) = ungn(u) + un−1gn−1(u) . (S.50)

Of course g0(u) = 1. Therefore by solving the recursion (S.50) and by noting that
∑n−1

k=1 k = n(n−1)
2 one finally arrives at

gn(u) = u
n(n−1)

2
∏n

k=1(1 − uk)
. (S.51)

soluConverg - 12jun2003 ChaosBook.org version13, Dec 31 2009



A
P

P
E

N
D

IX
S.

SO
LU

TI
O

N
S

96
6

E
ul

er
go

t
th

is
fo

rm
ul

a
an

d
he

an
d

Ja
co

bi
go

t
m

an
y

ni
ce

nu
m

be
r

th
eo

re
tic

al
re

su
lts

fr
om

it,
m

os
tp

ro
m

in
en

tt
he

pe
nt

ag
on

al
nu

m
be

rt
he

or
em

,w
hi

ch
sa

ys
th

at
in

th
e

se
rie

s
ex

pa
ns

io
n

of
∏
∞ k=

1(
1
−

qk )a
ll

te
rm

s
ca

nc
el

ex
ce

pt
th

os
e

w
hi

ch
ha

ve
as

an
ex

po
ne

nt
th

e
ci

rc
um

fe
re

nc
e

of
a

re
gu

la
r

pe
nt

ag
on

w
ith

in
te

ge
r

ba
se

le
ng

th
.

(J
ur

iR
ol

f)

S
o

lu
ti

o
n

23
.4

-
2
−

di
m

en
si

on
al

p
ro

d
u

ct
ex

p
an

si
o

n
.

N
ow

le
t

us
tr

y
to

ap
pl

y
th

e
sa

m
e

tr
ic

k
as

ab
ov

e
to

th
e

tw
o

di
m

en
si

on
al

si
tu

at
io

n

h(
t,

u)
:=

∞
∏ k=

0(1
+

tu
k )k+

1
.

(S
.5

2)

W
rit

e
do

w
n

th
e

fir
st

te
rm

s
an

d
no

te
th

at
si

m
ila

rt
o

(S
.4

8)

h(
t,

u)
=

f(
t,

u)
h(

tu
,u

),
(S

.5
3)

w
he

re
f

is
th

e
E

ul
er

pr
od

uc
t(

S
.4

7)
.

N
ow

m
ak

e
th

e
an

sa
tz

h(
t,

u)
=

∞
∑ n=

0
tn

a n
(u

)
(S

.5
4)

an
d

us
e

th
e

se
rie

s
ex

pa
ns

io
n

fo
r

f
in

(S
.5

3)
to

ge
tt

he
re

cu
rs

io
n

a n
(u

)=
1

1
−

un

n−
1

∑ m
=

0
um

a m
(u

)g
n−

m
(u

).
(S

.5
5)

W
ith

th
is

on
e

ca
n

at
le

as
t

co
m

pu
te

th
e

ge
ne

ra
liz

ed
E

ul
er

pr
od

uc
t

ef
fe

ct
iv

el
y,

bu
t

it
w

ou
ld

be
ni

ce
if

on
e

co
ul

d
us

e
it

fo
ra

pr
oo

fo
ft

he
ge

ne
ra

lb
eh

av
io

ur
of

th
e

co
ef

fic
ie

nt
s

a n
.

(J
ur

iR
ol

f)

so
lu

Co
nv

er
g

-1
2j

un
20

03
Ch

ao
sB

oo
k.

or
g

ve
rs

io
n1

3,
D

ec
31

20
09

A
P

P
E

N
D

IX
S.

SO
LU

TI
O

N
S

96
7

C
ha

pt
er

K
.T

he
rm

od
yn

am
ic

fo
rm

al
is

m

S
o

lu
ti

o
n

K
.1

-
In

th
e

hi
gh

er
di

m
en

si
on

al
ca

se
th

er
e

is
no

ch
an

ge
in

th
e

de
riv

at
io

n
ex

ce
pt
Λ

p
sh

ou
ld

be
re

pl
ac

ed
w

ith
th

e
pr

od
uc

t
of

ex
pa

nd
in

g
ei

ge
nv

al
ue

s
∏

j
|Λ

p,
j|.

T
he

lo
ga

rit
hm

of
th

is
pr

od
uc

t
is

∑

j
lo

g|
Λ

p,
j|.

T
he

av
er

ag
e

of
lo

g|
Λ

p,
j|

is
th

e
jth

Ly
a-

pu
no

v
ex

po
ne

nt
.

(G
.

V
at

ta
y)

S
o

lu
ti

o
n

K
.4

-
T

he
ze

ta
fu

nc
tio

n
fo

r
th

e
tw

o
sc

al
e

m
ap

is

1/
ζ
(z
,β

)=
1
−

z

(

1 aβ
+

1 bβ

)

.

T
he

pr
es

su
re

fu
nc

tio
n

is

P
(β

)=
lo

gz
0(
β

)=
−

lo
g(

1 aβ
+

1 bβ

)

.

T
he

es
ca

pe
ra

te
is

γ
=

P
(1

)=
−

lo
g(

1 a
+

1 b

)

,

T
he

to
po

lo
gi

ca
le

nt
ro

py
is

K
0
=

h t
o

p
=
−P

(0
)=

lo
g2
.

T
he

Ly
ap

un
ov

ex
po

ne
nt

is

λ
=

P
′ (1

)=
lo

ga
/a
+

lo
gb
/b

1/
a
+

1/
b

.

T
he

K
ol

m
og

or
ov

en
tr

op
y

is

K
1
=
λ
−
γ
=

P
′ (1

)−
P

(1
)=

lo
ga
/a
+

lo
gb
/b

1/
a
+

1/
b

+
lo

g(

1 a
+

1 b

)

.

T
he

R
én

yi
en

tr
op

ie
s

ar
e

K
β
=

(P
(β

)−
β
γ

)/
(β
−

1)
=

(lo
g(

1 aβ
+

1 bβ

)

+
β

lo
g(

1 a
+

1 b

)

)/
(1
−
β

).

T
he

bo
x

co
un

tin
g

di
m

en
si

on
is

th
e

so
lu

tio
n

of
th

e
im

pl
ic

it
eq

ua
tio

n
P

(D
0)
=

0,
w

hi
ch

is

1
=

1 aD 0
+

1 bD 0
.

T
he

in
fo

rm
at

io
n

di
m

en
si

on
is

D
1
=

1
−
γ
/λ
.

T
he

re
st

of
th

e
di

m
en

si
on

s
ca

n
be

de
te

rm
in

ed
fr

om
eq

ua
tio

n
P

(q
−

(q
−

1)
D

q
)=

γ
q.

Ta
ki

ng
ex

p
of

bo
th

si
de

s
w

e
ge

t 1
aq−

(q
−1

)D
q
+

1
bq−

(q
−1

)D
q
=

(

1 a
+

1 b

)
q

.

Fo
r

a
gi

ve
n

q
w

e
ca

n
fin

d
D

q
fr

om
th

is
im

pl
ic

it
eq

ua
tio

n.

S
o

lu
ti

o
n

??
-

T
he

ze
ta

fu
nc

tio
n

is

1/
ζ
(z
,β

)=
de

t(
1
−

T
β
−1

),

so
lu

Th
er

m
o

-4
au

g2
00

0
Ch

ao
sB

oo
k.

or
g

ve
rs

io
n1

3,
D

ec
31

20
09



APPENDIX S. SOLUTIONS 968

where we replaced k with β− 1 in solution S. The pressure can be calculated from the
leading zero which is (see solution S)

P(β) = log z0(β) = − log





T β
00 + T β

11 +

√

(T β
00 − T β

11)2 + 4T β
01T β

10

2





.

Solution K.5 - We can easily read off that b = 1/2, a1 = arcsin(1/2)/2π and a2 = a1
and do the steps as before.

soluThermo - 4aug2000 ChaosBook.org version13, Dec 31 2009
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Chapter 24. Intermittency

(No solutions available.)

soluInter - 13jul2000 ChaosBook.org version13, Dec 31 2009
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rü
ge

l-B
en

ne
t)

so
lu

Re
la

x.
te

x
-1

2j
un

20
04

Ch
ao

sB
oo

k.
or

g
ve

rs
io

n1
3,

D
ec

31
20

09

A
P

P
E

N
D

IX
S.

SO
LU

TI
O

N
S

97
7

C
ha

pt
er

27
.I

rr
at

io
na

lly
w

in
di

ng

(N
o

so
lu

tio
ns

av
ai

la
bl

e.
)

so
lu

Irr
at

io
na

l-
12

ju
n2

00
3

Ch
ao

sB
oo

k.
or

g
ve

rs
io

n1
3,

D
ec

31
20

09



A
P

P
E

N
D

IX
S.

SO
LU

TI
O

N
S

97
8

C
ha

pt
er

31
.Q

ua
nt

um
m

ec
ha

ni
cs

,b
ri

efl
y

S
o

lu
ti

o
n

31
.1

-
L

o
re

n
tz

ia
n

re
p

re
se

n
ta

ti
o

n
o

f
th

e
D

ir
ac

d
el

ta
fu

n
ct

io
n

.
G

en
er

al
hi

nt
:

re
ad

up
on

pr
in

ci
pa

l
pa

rt
s,

po
si

tiv
e

an
d

ne
ga

tiv
e

fr
eq

ue
nc

y
pa

rt
s

of
th

e
D

ira
c

de
lta

fu
nc

tio
n,

pe
rh

ap
s

th
e

C
au

ch
y

th
eo

re
m

,
in

an
y

go
od

qu
an

tu
m

m
ec

ha
ni

cs
te

xt
-

bo
ok

. To
se

e
th

at
(3

1.
19

)
sa

tis
fie

s
pr

op
er

tie
s

of
th

e
de

lta
fu

nc
tio

n,

δ(
E
−

E
n
)=
−

lim ε
→

0

1 π
Im

1
E
−

E
n
+

iε
,

st
ar

tb
y

ex
pr

es
si

ng
ex

pl
ic

itl
y

th
e

im
ag

in
ar

y
pa

rt
:

−I
m

1
E
−

E
n
+

iε
=
−I

m
E
−

E
n
−

iε
(E
−

E
n
+

iε
)(

E
−

E
n
−

iε
)

=
ε

(E
−

E
n
)2
+
ε

2
.

T
hi

s
is

a
Lo

re
nt

zi
an

of
w

id
th
ε,

w
ith

a
pe

ak
at

E
=

E
n
.

It
ha

s
th

e
co

rr
ec

tn
or

m
al

iz
at

io
n

fo
r

th
e

de
lta

fu
nc

tio
n,

1 π

∫
∞ −∞

d
E

ε

(E
−

E
n
)2
+
ε

2
=

1 π

ε ε
ar

ct
an

E
−

E
n

ε

∣ ∣ ∣ ∣ ∣∞ −∞

=
1 π

(π
/2
−

(−
π
/2

))
=

1,

so

1 π

∫
∞ −∞

d
E

ε

(E
−

E
n
)2
+
ε2
=

1,
(S

.5
8)

in
de

pe
nd

en
tly

of
th

e
w

id
th
ε.

N
ex

tw
e

sh
ow

th
at

in
th

e
ε
→
∞

lim
it

th
e

su
pp

or
to

ft
he

Lo
re

nt
zi

an
is

co
nc

en
tr

at
ed

at
E
=

E
n
.

W
he

n
E
=

E
n
,

lim ε
→

0

1 π

(

ε

(E
−

E
n
)2
+
ε

2

)

=
lim ε
→

0

1 π

1 ε
=
∞
,

an
d

w
he

n
E
,

E
n
,

lim ε
→

0

1 π

ε

(E
−

E
n
)2
+
ε

2
=

0

P
ro

vi
di

ng
th

at
a

fu
nc

tio
n

co
nv

ol
ve

d
w

ith
δ(

s)
,∫

f(
E

)δ
(E
−

E
n
)d

E
ha

s
a

co
nt

in
uo

us
fir

st
de

riv
at

iv
e

at
E
=

E
n

an
d

fa
lls

of
su

ffi
ci

en
tly

ra
pi

dl
y

as
E
→
±∞

,t
hi

s
is

a
re

pr
es

en
ta

tio
n

of
th

e
de

lta
fu

nc
tio

n.

so
lu

Q
m

ec
h

-2
5j

an
20

04
Ch

ao
sB

oo
k.

or
g

ve
rs

io
n1

3,
D

ec
31

20
09

A
P

P
E

N
D

IX
S.

SO
LU

TI
O

N
S

97
9

(R
.P

as
ka

us
ka

s,
B

o
Li

)

S
o

lu
ti

o
n

31
.2

-
G

re
en

’s
fu

n
ct

io
n

.
T

he
La

pl
ac

e
tr

an
sf

or
m

of
th

e
(t

im
e-

de
pe

nd
en

t)
qu

an
tu

m
pr

op
ag

at
or

K
(q
,q
′ ,

t)
=

∑

n

φ
n
(q

)e
−i

E
n
t/
~
φ
∗ n
(q
′ )

is
th

e
(e

ne
rg

y-
de

pe
nd

en
t)

G
re

en
’s

fu
nc

tio
n

G
(q
,q
′ ,

E
+

iε
)
=

1 i~

∫
∞ 0

dt
e

i ~
E

t−
ε ~

t
∑

n

φ
n
(q

)e
−i

E
n
t/
~
φ
∗ n
(q
′ )

=
1 i~

∑

n

φ
n
(q

)φ
∗ n(

q′
)∫

∞ 0
dt

e
i ~
(E
−E

n
+

iε
)t

=
−

∑

n

φ
n
(q

)φ
∗ n
(q
′ )

1
E
−

E
n
+

iε
e−

ε ~
t ei(E

−E
n
)t/
~

∣ ∣ ∣ ∣ ∣t=
∞

t=
0
.

W
he

n
ε

is
po

si
tiv

e,
e−

ε ~
∞

=
0,

so

G
(q
,q
′ ,

E
+

iε
)=

∑

n

φ
n
(q

)φ
∗ n
(q
′ )

E
−

E
n
+

iε
.

(B
o

Li
)

so
lu

Q
m

ec
h

-2
5j

an
20

04
Ch

ao
sB

oo
k.

or
g

ve
rs

io
n1

3,
D

ec
31

20
09



APPENDIX S. SOLUTIONS 980

Chapter 32. WKB quantization

Solution 32.1 - Fresnel integral. Start by re-expressing the integral over the infinite
half-line:

1
√

2π

∫ ∞

−∞
dx e−

x2
2ia =

2
√

2π

∫ ∞

0
dx e−

x2
2ia , a ∈ R , a , 0 .

When a > 0, the contour

yy

xx
π / 44

RR→∞

RR

C’

vanishes, as it contains no pole:

∮

C
dz e−z2/2ia

=

∫ ∞

0
dx e−

x2
2ia +

∫

C′
+

∫ 0

∞
ei π4 e−

x2
2a dx = 0

∫

C′
=

∫ π
4

0
eiR2ei2φ/2aReiφidφ = 0 . (S.59)

So

2
√

2π

∫ ∞

0
dx e−

x2
2ia =

2
√

2π

∫ ∞

0
dx ei π4 e−

x2
2a = ei π4

√
a =
√

ia

In the a < 0 case take the contour

yy
xxπ / 44

RR→∞

RR

C’

∮

C
dz e−z2/2ia

=

∫ ∞

0
dx e−

x2
2ia +

∫

C′
+

∫ 0

∞
e−i π4 e

x2
2a dx

=

∫ ∞

0
dx e−

x2
2ia − e−i π4

∫ ∞

0
dx e

x2
2a = 0 .

Again

2
√

2π

∫ ∞

0
dx e−

x2
2ia = e−i π4

√

|a| ,

and, as one should have perhaps intuited by analyticity arguments, for either sign of a
we have the same Gaussian integral formula

1
√

2π

∫ ∞

−∞
dx e−

x2
2ia = |a|1/2ei π4

a
|a| =
√

ia .

The vanishing of the C′ contour segment (S.59) can be proven as follows: Substitute
z = Reiφ into the integral

IR =

∫ π
4

0
eiR2ei2φ/2aReiφidφ =

∫ π
4

0
eiR2(cos 2φ+i sin 2φ)/2aReiφidφ .
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Then

|IR| ≤ R
∫ π

4

0
e−R2 sin 2φ/2adφ =

R
2

∫ π
2

0
e−R2 sin θ/2adθ .

In the range [0, π/2] we can replace 2
π
θ ≤ sin θ , obtain a bound

|IR| ≤
R
2

∫ π
2

0
e−R2θ/πadθ =

R
2

1 − e−R2/2a

R2/aπ
,

so

lim
R→∞
|IR| = 0 .

(Bo Li)
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Chapter 33. Semiclassical evolution

Solution 33.5 - Free particle R-function. Calculate R from its definition

R(q′, q, t) =
∫ t

0
L(q̇(t′), q(t′), t′)dt′

where the solution of Lagrange equations of motion is substituted for q(t).

a a D-dimensional free particle:
We have

L(q̇(t′), q(t′), t′) =
m
2

D∑

i=1
[q̇i(t′)]2,

q̇i(t) = const =
q′i − qi

t
. (S.60)

The answer:

R(q′, q, t) = m
2

D∑

i=1

[q′i − qi]2

t
.

b Using symmetric gauge for vector potential and denoting the Larmor frequency
by ω = eB

mc , we have

L = m
2

(

ẋ2
+ ẏ2
+ ż2
+ ω(xẏ − yẋ)

)

The equations of motion are

ẍ − ωẏ = 0, ÿ + ωẋ = 0, z̈ = 0.

To calculate the expression for the principal function we do integration by parts
on ẋ2

+ ẏ2, and the result is

R =
∫

Ldt =
m
2

(

xẋ|tt0 + yẏ|tt0 +
(z′ − z)2

t
+

∫ t

t0

[

x(−ẍ + ωẏ) + y(−ÿ − ωẋ)] dt

)

,

however terms inside the integral vanish by equations of motion. Denote w(t) =
x(t) + ιy(t), then the first two equations of motion are equivalent to equation in
complex w(t):

ẅ(t) + ιωẇ(t) = 0 ,

solution to which is

w′ ≡ w(t) = w +
ẇ(1 − e−ιωt)

ιω
.

We must reexpress velocities in R in terms of time and initial and final coordi-
nates. In terms of ẇ we have

ẇ0 =
ω

2
e
ιωt
2 (w − w0)
sin(ωt

2 )

ẇ =
ω

2
e
−ιωt

2 (w − w0)
sin(ωt

2 )
(S.61)
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Note that

xẋ + yẏ = Re w∗ẇ

Re w∗ẇ|t0 =
ω

2 sin ωt
2

(

(|w|2 + |w0|2) cos ωt
2 − 2Re w0w∗e

−ιω
2

)

=
ω

2

(

cot(ωt
2 )[(x − x0)2

+ (y − y0)2] + 2(x0y − y0x)
)

R =
m(z − z0)2

2t
+

mω
4

(

cot(ωt
2 )[(x − x0)2

+ (y − y0)2] + 2(x0y − y0x)
)

(S.62)

Solution 33.1 - Dirac delta function, Gaussian representation. To prove that
δσ converges to a dirac delta function, it is enough to show that it has the following
properties:

1.
∫ ∞
−∞ δσ(x)dx = 1

2. limσ→0
∫ a

−a
f (x)δσ(x)dx=f(0)

for arbitrary f (x) continuous and positive a.

First property is satisfied by the choice of normalisation constant. Second prop-
erty is verified by the change of variables y = x/

√
2σ2:

lim
σ→0

∫ a

−a
f (x)δσ(x)dx = lim

σ→0

1
√
π

∫ a√
2σ2

−a√
2σ2

f (
√

2σ2y)e−y2
dy = f (0)

(R. Paškauskas)

Solution 33.2 - Stationary phase approximation.

Main contribution to this integral come from critical points of Φ(x). Suppose that p
is such a nondegenerate critical point, p : DΦ(p) = 0, and D2

Φ(p) has full rank. Then
there is a local coordinate system y in the neighbourhood of p such that Φ(p + y) =
Φ(p) −∑λ

i=1 y2
i +

∑d
i=λ+1 y2

i , where λ is the number of negative eigenvalues of D2
Φ(p).

Indeed, if we set x − p = Ay, then Φ(x) ≈ Φ(p) + 1
2 yAT D2

Φ(p)Ay. There exist such
A that 1

2 AT D2
Φ(p)A = diag[−1, . . . − 1

︸      ︷︷      ︸

λ

,+1, . . .
︸ ︷︷ ︸

d−λ

]. With this change of variables in mind,

we have

I = e
ιΦ(p)
~

∫

Rd
e
ι
~

(−∑λ
i=1 y2

i +
∑d

i=λ+1 y2
i )|det A|dy = e

ιΦ(p)
~ (π~)d/2e

ιπ
4 (−2λ+d) |det A|

Furthermore, (det A)2det D2
Φ(p) = 2d exp ιπλ, therefore

|det A| = 2d/2 exp ιπλ
2√

det D2Φ(p)
.

Phase factors exp ιπλ/2 and exp−ιπλ/2 cancel out. Substitute exp ιπd/2 = ιd/2.

The result:

I =
(2ιπ~)d/2e

ιΦ(p)
~

√

det D2Φ(p)

soluVanVleck - 26feb2004 ChaosBook.org version13, Dec 31 2009



A
P

P
E

N
D

IX
S.

SO
LU

TI
O

N
S

98
4

C
rit

ic
al

no
nd

eg
en

er
at

e
po

in
ts

ar
e

is
ol

at
ed

.
T

he
re

fo
re

if
Φ

ha
s

m
or

e
th

an
on

e
cr

iti
ca

lp
oi

nt
,t

he
n

eq
ui

va
le

nt
lo

ca
la

pp
ro

xi
m

at
io

n
ca

n
be

m
ad

e
in

th
e

ne
ig

hb
ou

rh
oo

ds
of

ea
ch

cr
iti

ca
lp

oi
nt

an
d

th
e

co
m

pl
et

e
ap

pr
ox

im
at

io
n

to
th

e
in

te
gr

al
m

ad
e

by
ad

di
ng

co
nt

rib
ut

io
ns

of
al

lc
rit

ic
al

po
in

ts
.

A
ns

w
er

:

I
=

∑

p:
D
Φ

(p
)=

0

(2
ιπ
~

)d/
2 e

ιΦ
(p

)
~

A
(p

)
√

de
tD

2 Φ
(p

)

R
yt

is
P

aš
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APPENDIX S. SOLUTIONS 990

Chapter 35. Quantum scattering

Solution 35.2 - The one-disk scattering wave function.

ψ(~r ) = 1
2

∞∑

m=−∞



H(2)
m (kr) − H(2)

m (ka)
H(1)

m (ka)
H(1)

m (kr)


 eim(Φr−Φk ) . (S.68)

(For r < a, ψ(~r) = 0 of course.)

(Andreas Wirzba)

soluScatter - 4sep98 ChaosBook.org version13, Dec 31 2009

APPENDIX S. SOLUTIONS 991

Chapter 37. Helium atom

(No solutions available.)

soluHelium - 12jun2003 ChaosBook.org version13, Dec 31 2009



APPENDIX S. SOLUTIONS 992

Chapter 38. Diffraction distraction

(No solutions available.)

soluWhelan - 12jun2003 ChaosBook.org version13, Dec 31 2009

APPENDIX S. SOLUTIONS 993

Chapter B. Linear stability

Solution B.1 - Real representation of complex eigenvalues.

1
2

( 1 1
−i i

) (
λ 0
0 λ∗

) ( 1 i
1 −i

)

=

(
µ −ω
ω µ

)

.

(P. Cvitanović)

soluAppStab - 1feb2008 ChaosBook.org version13, Dec 31 2009



APPENDIX S. SOLUTIONS 994

Chapter F. Implementing evolution

(No solutions available.)

soluAppMeasure - 12jun2003 ChaosBook.org version13, Dec 31 2009

APPENDIX S. SOLUTIONS 995

Chapter D. Symbolic dynamics techniques

(No solutions available.)

soluAppSymb - 12jun2003 ChaosBook.org version13, Dec 31 2009
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