15.1 How many ways to get there from here?

In the 3-disk system of example 11.1 the number of admissisjectories doubles

with every iterate: there at€, = 3- 2" distinct itineraries of length. If disks are

too close and a subset of trajectories is pruned, this is amlypper bound and
Chapter 15 explicit formulas might be hard to discover, but we still imidpe able to establish

a lower exponential bound of the foriy, > Ce™. Bounded exponentially by

3¢"M2 > K, > CéM, the number of trajectories must grow exponentially as a

function of the itinerary length, with rate given by ttepological entropy

Counting

1
h= r!mo ﬁln Kn . (15.1)

We shall now relate this quantity to the spectrum of the ftenmsmatrix, with
the growth rate of the number of topologically distinct é@tpries given by the

I’'m gonna close my eyes » - . ;
J ey leading eigenvalue of the transition matrix.

And count to ten
I’'m gonna close my eyes

And when | open them again The transition matrix element;; € {0,1} in (14.1) indicates whether the
Everything will make sense to me then transition from the starting partitio into partitioni in one step is allowed or
—Tina Dico, ‘Count To Ten’ not, and thei( j) element of the transition matrix iteratedimes exercise 15.1
: . - ) ) T = Tiky Tkako - - - Thoaj 15.2
E ARE NOow in a position to apply the periodic orbit theory to the firstlan (T . k;kﬂ iky Tkike kn-1] ( )
the easiest problem in theory of chaotic systems: cycle taayinThis

is the simplest illustration of the raison d'etre of permdirbit theory;
we derive a duality transformation that relatesal information - in this case the
next admissible symbol in a symbol sequence gltthal averages, in this case
the mean rate of growth of the number of cycles with increasytle period. In

receives a contribution 1 from every admissible sequendeansitions, soT");;
is the number of admissiblesymbol itineraries starting withand ending with.

chapter 14 we have transformed, by means of the transitidaricesy graphs, the Example 15.1 3-disk itinerary counting. The (T2)13 = T15T23 = 1 element of T2 for

topological dynamics of chapter 11 into a multiplicativeecgtion. Here we show the 3-disk transition matrix (14.8)

that thenth power of a transition matrix counts all itineraries ofdémn. The

asymptotic growth rate of the number of admissible itinesars therefore given 0 1 1y 2 11

by the leading eigenvalue of the transition matrix; the iegeigenvalue is in turn [l 0 1] = [1 2 1] . (15.3)
110 11 2

given by the leading zero of the characteristic determipétite transition matrix,

which is - in this context - called th®pological zeta function )
corresponds to path3 — 2 — 1, the only 2-step path from 3 to 1, while (T?)s3 = Ta1T13+

e - . . L . Ta2T23 = 2 counts the two returning, periodic paths 31 and 32. Note that the trace
For flows with finite transition graphs this determinant israt& topological (T2 = (T2)11 + (T30 + (T2)s3 = 2T15Tar + 2To1T1o + 2TasTs has a contribution from

polynomialwhich can ,be readfbthg graph. I-‘|oweve‘r, (.a) even something as each 2-cycle 12, 13, 23 twice, one contribution from each periodic point.
humble as the quadratic map generically requires an infigitétion (sect. 15.5),
but (b) the finite partition approximants converge expoiadlgtfast.
The total number of admissible itinerariesro$ymbols is
The method goes well beyond the problem at hand, and formsotteeof the

entire treatise, making tangible the abstract notion oétsm@l determinants” yet 1

to come. 1
Kn= > (T = (LL....1)T"| /. (15.4)

i :

1
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We can also count the number of prime cycles and pruned pepathts, but
in order not to break up the flow of the argument, we relegatedlipretty results
to sect. 15.7. Recommended reading if you ever have to canpistof cycles.

A finite [N x N] matrix T has eigenvalueglo, 41, - - -, Am-1} @nd (right) eigen-
vectors{eo, ¢1, - -, pm-1} satisfyingTe, = A,¢,. EXpressing the initial vector in
(15.4) in this basis (which might be incomplete, with< N eigenvectors),

1
| 1 nrrkl m-1 .,
™ ]=T Zﬂbﬂ% = Z:‘)bna(,wm
a=| a=
1

and contracting witlf 1, 1,...,1), we obtain

m-1
Ko=) Codf.
a=0

The constantx, depend on the choice of initial and final partitions: In this
example we are sandwichifid' between the vectdrl, 1, ..., 1)and its transpose,
but any other pair of vectors would do, as long as they are rtbbgonal to
the leading eigenvectapy. In an experiment the vectdr, 1,...,1) would be
replaced by a description of the initial state, and the rigfdtor would describe
the measurement tinrelater.

exercise 15.3

Perron theoremstates that a Perron-Frobenius matrix has a nondegenerate
(isolated) positive real eigenvalu® > 1 (with a positive eigenvector) which
exceeds the moduli of all other eigenvalues. Therefore mereases, the sum
is dominated by the leading eigenvalue of the transitionrimatly > |Rel,l,
a=12,---,m-1, and the topological entropy (15.1) is given by

— i 1 n C (A1 "
h = nlmﬁlnco/lo[1+g(ﬂ_o) I
n
= Indo+ lim '”_°0+Eﬂ(ﬂ) +]
n—co n ncy /10
o (15.5)

What have we learned? The transition mafFiis a one-stepshort timeoperator,
advancing the trajectory from one partition to the next aibie partition. Its
eigenvalues describe the rate of growth of the total numbeajectories at the
asymptotic timesinstead of painstakingly countiri§;, Ko, Ks, ... and estimating
(15.1) from a slope of a log-linear plot, we have tacttopological entropy
if we can compute the leading eigenvalue of the transitionrimmd . This is

reminiscent of the way free energy is computed from transfatrices for 1-
dimensional lattice models with finite range interactiomdistorically, it is this

analogy with statistical mechanics that led to introduttad evolution operator
methods into the theory of chaotic systems.
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15.2 Topological trace formula

There are two standard ways of computing eigenvalues of exmdly evaluating
the trace tT" = }, A}, or by evaluating the determinant det{ZT). We start by
evaluating the trace of transition matrices. The main lessitl be that the trace
receives contributions only from itineraries that retwritte initial partition, i.e.,

periodic orbits.

Consider arM-step memory transition matrix, like the 1-step memory exam
(14.10). The trace of the transition matrix counts the nundfepartitions that
map into themselves. More generally, each closed walk girouconcatenated
entries of T contributes to tiT" the product (15.2) of the matrix entries along the
walk. Each step in such a walk shifts the symbolic string bg symbol; the
trace ensures that the walk closes on a periodic stririgefinet. to be thelocal
trace, the product of matrix elements along a cyclesach term being multiplied
by a book keeping variable In chapters that follow, the ‘local trac&’ will take
a continuum of values, so for the remainder of this chaptestiak to the t’'
notation rather than to the 0 dt values specific to the counting problem.

The quantityz'tr T" is then the sum of; for all cycles of perioch. Thet.
= (product of matrix elements along cyateis manifestly cyclically invariant,
t100 = to10 = too1, SO & prime cyclep of periodny contributesn,, times, once for
each periodic point along its orbit. For the purposes ofqukci orbit counting,
the local trace takes values

tp = { Z% if pis an admissible cycle (15.6)

0 otherwise,

i.e., (settingz = 1) the local trace i$, = 1 if the cycle is admissible, arg = 0
otherwise.

Example 15.2 Traces for binary symbolic dynamics. For example, for the [8x8]
transition matrix Ts,s,s, .5, Version of (14.10), or any refined partition [2"x2"] transition
matrix, n arbitrarily large, the periodic point 100contributes t100 = Z* T1aa515 510501 1 661150
to 2tr T3. This product is manifestly cyclically invariant, tioo = to10 = too1, SO a prime
cycle p = 001 of period 3 contributes 3 times, once for each periodic point along its
orbit. exercise 11.7

For the binary labeled non-wandering set the first few traces are given by
(consult tables 15.1 and 15.2)

ztrT = to+ty,
2uT? = +t2+ 2,
ZoT® = €+ + 3tioo+ 3t
2uTh = 1§+ 1t] + 22+ Atiooo+ Atio01 + Atiors. (15.7)

In the binary case the trace picks up only two contributions on the diagonal, To..00..0 +
T1.11..1, No matter how much memory we assume. We can even take infinite memory
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Table 15.1: Prime cycles for the binary symbolic dynamics up to lengtifBe numbers
of prime cycles are given in table 15.3.

Np p Np p np p Np P Np P
1 0| 7 0001001| 8 00001111 9 000001101 9 001001111
1 0000111 00010111 000010011 001010111
2 01 0001011 00011011 000010101 001011011
3 001 0001101 00011101 000011001 001011101
011 0010011 00100111 000100011 001100111
4 0001 0010101 00101011 000100101 001101011
0011 0001111 00101101 000101001 001101101
0111 0010111 00110101 000001111 001110101
5 00001 0011011 00011111 000010111 010101011
00011 0011101 00101111 000011011 000111111
00101 0101011 00110111 000011101 001011111
00111 0011111 00111011 000100111 001101111
01011 0101111 00111101 000101011 001110111
01111 0110111 01010111 000101101 001111011
6 000001 0111111 01011011 000110011 001111101
000011| 8 00000001 00111111 000110101 010101111
000101 00000011 01011111 000111001 010110111
000111 00000101 01101111 001001011 010111011
001011 00001001 01111111 001001101 001111111
001101 00000111 9 000000001 001010011 010111111
001111 00001011 000000011 001010101 011011111
010111 00001101 000000101 000011111 011101111
011111 00010011 000001001 000101111 011111111
7 0000001 00010101 000010001 000110111
0000011 00011001 000000111 000111011
0000101 00100101 000001011 000111101

Table 15.2: The total numberdN, of periodic points of periodh for binary symbolic
dynamics. The numbers of contributing prime cycles illatgs the preponderance of
long prime cycles of periodh over the repeats of shorter cycles of periogs where

n = rn,. Further enumerations of binary prime cycles are givenlites15.1 and 15.3.
(L. Rondoni)

S
z

# of prime cycles of period,
2 3 4 5 6 7 8 9 10

OWOO~NOU A WNKR
w
N
NMNRNDNNDNNNNF
o

=

M — oo, in which case the contributing partitions are shrunk to the fixed points, tr T =
TB,B + TT.T‘

If there are no restrictions on symbols, the symbolic dynamics is complete, and
all binary sequences are admissible (or allowable) itineraries. As this type of symbolic

dynamics pops up frequently, we list the shortest binary prime cycles in table 15.dxercise 11.2

Hence tiT" = N, counts the number aidmissible periodic pointsf period
n. Thenth order trace (15.7) picks up contributions from all repeaft prime
cycles, with each cycle contributing, periodic points, siNy, the total number of
periodic points of period is given by

PNy =20T"= gty ™ = 30y > et (15.8)
r=1

npin P

Heremn means thamis a divisor ofn. An example is the periodic orbit counting
in table 15.2.

In order to get rid of the awkward divisibility constraint= npr in the above
sum, we introduce the generating function for numbers dbgar points

S zT

The right hand side is the geometric series surlN,pf tr T". Substituting (15.8)
into the left hand side, and replacing the right hand sidehieyeigenvalue sum
trT" = Y, AL, we obtain our first example of a trace formula, tbpological trace

formula

2, Nptp
= . 15.10
; 1-z1, Zp: -t (15.10)

A trace formula relates the spectrum of eigenvalues of amab@e- here the
transition matrix - to the spectrum of periodic orbits of andynical system. It
is a statement of duality between the short-time, localrinfation - in this case
the next admissible symbol in a symbol sequence - to longstigtobal averages,
in this case the mean rate of growth of the number of cycles widreasing cycle
period.

TheZz" sumin (15.9) is a discrete version of the Laplace transfaes 6ect. 18.1.2),
and the resolvent on the left hand side is the antecedeneahtre sophisticated
trace formulas (18.10) and (18.23).We shall now use thigltrés compute the
spectral determinant of the transition matrix.
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15.3 Determinant of a graph

Our next task is to determine the zeros of fipectral determinandf an [mxm)
transition matrix

m-1
det(1-2T) = [ [(1-2) . (15.11)
=0

We could now proceed to diagonaliZeon a computer, and get this over with. It
pays, however, to dissect det{AT) with some care; understanding this computation
in detail will be the key to understanding the cycle expamsiomputations of
chapter 20 for arbitrary dynamical averages. Fa finite matrix, (15.11) is just

the characteristic polynomial fof. However, we shall be able to compute this
object even when the dimension Bfand other such operators becomes infinite,
and for that reason we prefer to refer to (15.11) loosely @esgpectral determin-
ant.”

There are various definitions of the determinant of a matvixwill view the

determinant as a sum over all possible permutation cyclegposeed of the traces
tr T, in the spirit of the determinant-trace relation (1.16): exercise 4.1

det(1- zT)

exp(tr In(1-zT) = exp[— Z %trT"]

n=1

2
= 1-z2T-3 (T2 -trT?)— ... (15.12)

This is sometimes called eumulantexpansion. Formally, the right hand is a
Taylor series irzaboutz = 0. If T is an fnxm] finite matrix, then the characteristic
polynomial is at most of ordem. In that case the cdéigcients ofZ" must vanish
exactlyfor n> m.

We now proceed to relate the determinant in (15.12) to theesponding
transition graph of chapter 14: toward this end, we starh wie usual textbook
expression for a determinant as the sum of products of athpetions

detM = > (~1)"M1, Mo, -+ Ming,, (15.13)
{r}

whereM = 1 - zT is a [mxm] matrix, {z} denotes the set of permutationsrof
symbols,ny is the permutatiorr applied tok, and 1) = +1 is the parity of
permutationr. The right hand side of (15.13) yields a polynomiallirof orderm
in z a contribution of orden in z picks upm — n unit factors along the diagonal,
the remaining matrix elements yielding

(2"~ Tsprsy -~ Tsms, (15.14)
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wherer is the permutation of the subsetmfdlistinct symbolss; - - - s, indexingT
matrix elements. Asin (15.7), we refer to any combinatiof Ts s Ts;s, - - Ts,s;

for agivenitineranc = $15, - - - &, as thdocal traceassociated with a closed loop
¢ on the transition graph. Each term of the form (15.14) maydo&ofed in terms

of local tracestetc, - - - tg,, that is loops on the transition graph. These loops
are non-intersecting, as each node may only be reachedddjnk, and they are
indeed loops, as if a node is reached by a link, it has to bet#itérg point of
anothersingle link, as eachs; must appear exactlgnceas a row and column
index.

So the general structure is clear, a little more thinkingrity eequired to get
the sign of a generic contribution. We consider only the addeops of length
1 and 2, and leave to the reader the task of generalizing tudt ey induction.
Consider first a term in which only loops of unit length appea(15.14), i.e.,
only the diagonal elements @fare picked up. We hade= mloops and an even
permutationt so the sign is given by<(1)¥, wherek is the number of loops. Now
take the case in which we havesingle loops and loops of lengthn = 2j +i.
The parity of the permutation gives—1) and the first factor in (15.14) gives
(-1)" = (-1)%*1. So once again these terms combine-th)f, wherek = i + j is
the number of loops. Left be the maximal number of non-intersecting loops. \We:rcise 15.4
may summatrize our findings as follows:

The characteristic polynomial of a transition matrix is given by the
sum of all possible partitions 7 of the corresponding transition
graph into products of k non-intersecting loops, with each loop
trace t, carrying a minus sign:

f
det(1-zT) = Z Z’(_l)ktpl et (15.15)
k=0

n

Any self-intersecting loop ishadoweddy a product of two loops that share the
intersection point. As both the long lodg and its shadowsty, in the case at hand
carry the same weight™=*™ the cancelation is exact, and the loop expansion
(15.15) is finite. In the case that the local traces count@migtles (15.6)t, = 0

or 2", we refer to det (- zT) as thetopological polynomial

We refer to the set of all non-self-intersecting lodps, tp,, - tp,} as the
fundamental cycleor an explicit example, see the loop expansion of examplé)1
This is not a very good definition, as transition graphs ateinmue —the most we
know is that for a given finite-grammar language, there exastsition graph(s)
with the minimal number of loops. Regardless of how clevertyansition graph
is constructed, it is always true that for any finite trawsitgraph the number of
fundamental cycles is finite. If the graph has nodes, no fundamental cycle is
of period longer tham, as any longer cycle is of necessity self-intersecting.

The above loop expansion of a determinant in terms of trexesost easily
grasped by working through a few examples. The completerypidgnamics
transition graph of figure 14.4 is a little bit too simple, bet us start humbly
and consider it anyway.
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The determinant det (1— zT) of the transition graph in figure 14.3 can be read
off the graph, and expanded as a polynomial in z, with coefficients given by products of
non-intersecting loops (traces of powers of T) of the transition graph figure 15.1:

det(1-zT) = 1— (to+t1)z— (tox — tots) Z — (oo + to1 — toato — tosts) 22
— (tooz1 + tor11— toosts — torato — toaats + toatots) Z*
— (toor11— tosaito — tooasts + toratots) 2 (15.22)
— (tooz011+ too1101— tooritor — toostors) 22

7
— (too10111+ too11101~ tooro1d1 — toor10d1 — tooraitor + tooastoats + toortorsts) Z°.

Twelve cycles up to period 7 are fundamental cycles:

out of the total of 41 prime cycles (listed in table 15.1) up to cycle period 7. The
topological polynomial t, — Z%

Yéiop(@ =1-22+7

is interesting; the shadowing fails first at the cycle length n = 7, so the topological
entropy is only a bit smaller than the binary h = In2. Not exactly obvious from the
partition (14.11).

15.4 Topological zeta function

What happens if there is no finite-memory transition maitfithe transition graph
is infinite? If we are never sure that looking further into thure will reveal no
further forbidden blocks? There is still a way to define theedwrinant, and this
idea is central to the whole treatise: the determinant is tiedined by it€umulant
expansion (15.12) exercise 4.1

det(1-2T) =1- ) &2 (15.24)
n=1

Example 15.7 Complete binary det (1-zT) expansion. (continuation of example 14.6) consider
the loop expansion of the binary 1-step memory transition graph (14.10)

= 1-{--(a>-)1 )

= 1-to—ts—[(tor — tato)] — [(tooz — tosto) + (tor1 — toats)]
~[(tooo1 — totoor) + (tor11 — torats)

+(too11— tooats — totor1 + totosts)]

= 1-Yt-y&=1-2 (15.25)
f n
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For finite dimensional matrices the expansion is a finite pofyial, and (15.24)
is an identity; however, for infinite dimensional operatthrs cumulant expansion
codficientsc, definethe determinant.

Let us now evaluate the determinant in terms of traces forlgitrary transition
matrix. In order to obtain an expression for the spectraémeinant (15.11) in
terms of cycles, substitute (15.8) into (15.24) and sum twerepeats of prime
cycles using In(: x) = =, X'/r,

exp[— Z i %] = exp[z In(1- tp)]
p or=1 P
l_[ (1-tp), (15.26)

p

det (1- zT)

where for the topological entropy the weight assigned tarag@rcyclep of period
np isty = 2% if the cycle is admissible, dp = 0 if it is pruned. This determinant
is called thetopologicalor theArtin-Mazur zeta function, conventionally denoted
by

Yaop@ = [ [a-2")=1-) &2 (15.27)
P n=1

Counting cycles amounts to giving each admissible priméegyeveightt, = Z%

and expanding the Euler product (15.27) as a power series As the precise
expression for the cdiécientsc, in terms of local traces, is more general than
the current application to counting, we shall postponeet$vdtion to chapter 20.

The topological entropy can now be determined from the leading zere
e of the topological zeta function. For a finitenk ] transition matrix, the
number of terms in the characteristic equation (15.15) itefiand we refer to
this expansion as thepological polynomiabf order< m. The utility of defining
the determinant by its cumulant expansion is that it worlkeshavhen the partition
is infinite,m — co; an example is given in sect. 15.5, and many more later on.

fast track:
W sect. 15.5, p. 297
15.4.1 Topological zeta function for flows

y
J We now apply the method that we shall use in deriving (18.83he
problem of deriving the topological zeta functions for flovilhe time-weighted
density of prime cycles of periods

T =) > Teolt=rTy). (15.28)
p r=1
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The Laplace transform smooths the sum over Dirac delta si§gee (18.22))
and yields theopological trace formula

DT f " dteto(t—rTy) = 3T i e ST (15.29)
O p r=1

p =1

and thetopological zeta functioffor flows:

Yaop(s) = [ [(1-€T), (15.30)
p

related to the trace formula by

DiTpy e = _aﬁ In 1/¢top(S) -
p r=1 S

This is the continuous time version of the discrete time logical zeta function
(15.27) for maps; its leading zeso= —hyields the topological entropy for a flow.

15.5 Topological zeta function for an infinite partition
(K.T. Hansen and P. Cvitanovic)

X
J To understand the need for topological zeta function (1524 turn a
dynamical system with (as far as we know - there is no proofhfimite partition,
or an infinity of ever-longer pruning rules. Consider thedimensionabjuadratic
map (11.3)

f(x)=Ax1-%, A=38.

Numerically the kneading sequence (the itinerary of thécati pointx = 1/2
(11.13)) is exercise 15.20

K =1011011110110111101011110111110

where the symbolic dynamics is defined by the partition ofrégll.12. How this
kneading sequence is converted into a series of pruning il dark art.For the
moment it sifices to state the result, to give you a feeling for what a “&pic
infinite partition topological zeta function looks like. IFexample, approximating
the dynamics by a transition graph corresponding to a repefl the period 29
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Figure 15.2: The logarithm Iz’ — z| of the ol . ]
difference between the leading zero of theth K3
polynomial approximation to topological zeta func: [ o o 1
tion and our best estimate (15.33), as a function + 30 | M %0, p
order of the polynomiah (the topological zeta func- %%o
tion evaluated for the closest valueAto A = 3.8 for L . . . Y
which the quadratic map has a stable cycle of peric 0 20 l‘?ﬂqth 60 80
n). (from K.T. Hansen [12.19])
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Figure 15.3: The 90 zeroes of the topological o °&°%s<;9<9°° |
zeta function for the quadratic map féx = 3.8 o

approximated by the nearest topological zeta fun ’1~§1 o 1050 05 1 15
tion with a stable cycle of length 90.  (from ’ "Relz) '

K.T. Hansen [12.19])

attractive cycle close to th& = 3.8 strange attractor yields a transition graph with
29 nodes and the characteristic polynomial

Uel) = 1-2-2+2-2-2P+P -7+ - -7°
22 Ay A A5 O AT A8, A9, 20
N R L aE TN S SN S (15.31)

The smallest real root of this approximate topological fetetion is
z=0.62616120.. (15.32)

Constructing finite transition graphs of increasing lengthresponding tA —
3.8 we find polynomials with better and better estimates fotdpelogical entropy.
For the closest stable period 90 orbit we obtain our beshesti of the topological
entropy of the repeller:

h=-1n0.62616130424685 . = 0.46814726655867. . . (15.33)

Figure 15.2 illustrates the convergence of the truncatigpraimations to the
topological zeta function as a plot of the logarithm of thfetence between the
zero of a polynomial and our best estimate (15.33), ploteed &unction of the
period of the stable periodic orbit. The error of the estam@i5.32) is expected
to be of order”° ~ 4 because going from period 28 to a longer truncation
typically yields combinations of loops with 29 and more redering terms+z2°
and of higher order in the polynomial. Hence the convergasaxponential,
with an exponent 0f0.47 = —h, the topological entropy itself. In figure 15.3
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we plot the zeroes of the polynomial approximation to theotogical zeta func-
tion obtained by accounting for all forbidden strings ofdém90 or less. The
leading zero giving the topological entropy is the poinselst to the origin. Most
of the other zeroes are close to the unit circle; we conclbdefor infinite state
space partitions the topological zeta function has a unifecias the radius of
convergence. The convergence is controlled by the ratih@fiéading to the
next-to-leading eigenvalues, which is in this case indagdy = 1/€" = e™.

15.6 Shadowing

The topological zeta function is a pretty function, but thnite product (15.26)
should make you pause. For finite transition matrices theHehd side is a
determinant of a finite matrix, therefore a finite polynomsd why is the right
hand side an infinite product over the infinitely many primeiquic orbits of all

periods?

The way in which this infinite product rearranges itself iatiinite polynomial
is instructive, and crucial for all that follows. You caneddy take a peek at the
full cycle expansion (20.7) of chapter 20; all cycles beydnel fundamentaty
andt; appear in the shadowing combinations such as

tsi5ys ~ Lsrpslsmorsn -

For subshifts of finite type such shadowing combinationsekexactly if we are
counting cycles as we do in (15.16) and (15.25), or if the dyina is piecewise
linear, as in exercise 19.3. As we argue in sect. 1.5.4, fur hiyperbolic flows
whose symbolic dynamics is a subshift of finite type, the shéadg combinations
almostcancel, and the spectral determinant is dominated by théafuental
cycles from (15.15), with longer cycles contributing onfyal “curvature” corrections.

These exact or nearly exact cancelations depend on the fiog &®ooth and
the symbolic dynamics being a subshift of finite type. If tlypamics requires
an infinite state space partition, with pruning rules forck®of increasing length,
most of the shadowing combinations still cancel, but thedemwesponding to new
forbidden blocks do not, leading to a finite radius of coneexe for the spectral
determinant, as depicted in figure 15.3.

One striking aspect of the pruned cycle expansion (15.3f)pewed to the
trace formulas such as (15.9) is that fiméents are not growing exponentially -
indeed they all remain of order 1, so instead having a radiosnvergence™, in
the example at hand the topological zeta function has thtecirole as the radius
of convergence. In other words, exponentiating the spgatodlem from a trace
formula to a spectral determinant as in (15.24) increasearihlyticity domain
the pole in the trace (15.10) at ™" is promoted to a smooth zero of the spectral
determinant with a larger radius of convergence.
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This sensitive dependence of spectral determinants onhehetr not the
symbolic dynamics is a subshift of finite type is bad newshéf$ystem is generic
and not structurally stable (see sect. 12.2), a smooth gdesmariation is in no
sense a smooth variation of topological dynamics - infigitié periodic orbits
are created or destroyed, and transition graphs go fronglfaiite to infinite
and back. That will imply that the global averages that wendtto compute
are generically nowhere fiiérentiable functions of the system parameters, and
averaging over families of dynamical systems can be a higtiyrivial enterprise;

a simple illustration is the parameter dependence of tffiesitbn constant computed
in a remark in chapter 25.

You might well ask: What is wrong with computing the entropgrfi (15.1)?
Does all this theory buy us anything? An answer: If we cdGnlevel by level, we
ignore the self-similarity of the pruned tree - examine fearaple figure 14.5, or
the cycle expansion of (15.35) - and the finite estimatds, &f In K,/n converge
nonuniformly toh, and on top of that with a slow rate of convergenbe; hy| =~
O(1/n) as in (15.5). The determinant (15.11) is much smarter, aohgtruction
it encodes the self-similarity of the dynamics, and yielus asymptotic value of
h with no need for any finit@ extrapolations.

fast track:
W sect. 16, p. 310
15.7 Counting cycles

§
J In what follows, we shall occasionally need to compute atlley up to
topological perioch, so it is important to know their exact number. The formulas
are fun to derive, but a bit technical for plumber on the straed probably best
skipped on the first reading.

15.7.1 Counting periodic points

The number of periodic points of periods denoted\,. It can be computed from
(15.24) and (15.9) as a logarithmic derivative of the togaal zeta function

>IN
n=1

d d
tr (—zd—zln(l - zT)) = —zd—zln det(1-zT)

—Zd%(l/gtop)

15.34
1/¢top ( )

Observe that the trace formula (15.10) diverges-ate ™", because the denominator
has a simple zero there.
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Table 15.3: Number of prime cycles for various alphabets and grammarto ygeriod
10. The first column gives the cycle period, the second givesdrmula (15.37) for the
number of prime cycles for completésymbol dynamics, and columns three through five
give the numbers of prime cycles fbr= 2,3 and 4.

Mn(N) Ma(2) Mn(3)  Ma(4)
N 2 3 4

N(N - 1)/2 1 3 6
N(N2 - 1)/3 2 8 20
N2(N2 - 1)/4 3 18 60
(NS - N)/5 6 48 204
9 116 670

(N7 = N)/7 18 312 2340
N4(N* - 1)/8 30 810 8160
N3(NS - 1)/9 56 2184 29120

n
1
2
3
4
5
6 (NS—N3-N2+N)/6
7
8
9
10 (N0 - N5 - N2+ N)/10 99 5880 104754

Example 15.8 Complete N-ary dynamics: To check formula (15.34) for the finite-
grammar situation, consider the complete N-ary dynamics (14.7) for which the number
of periodic points of period n is simply tr T = N". Substituting

i%trTQ :i@ =-In(1-2zN),
n=1

n=1

into (15.24) we verify (15.18). The logarithmic derivative formula (15.34) in this case
does not buy us much either, it simply recovers

Nz
Z Nnz' = 1-Nz’
n=1

Example 15.9 Nontrivial pruned dynamics: Consider the pruning of figure 14.6 (e).
Substituting (15.34) we obtain

z+82 - 82
2N = T s (15.35)

The topological zeta function is not merely a tool for extracting the asymptotic growth
of Ny, it actually yields the exact numbers of periodic points. In case at hand it yields
a nontrivial recursive formula N; = N, = N3 =1, N, = 2n+ 1 forn = 4,5,6,7,8, and
Np = Np-1 + 2Np4 — Ny_g forn > 8.

15.7.2 Counting prime cycles

Having calculated the number of periodic points, our nejédive is to evaluate
the number oprimecyclesMj, for a dynamical system whose symbolic dynamics
is built from N symbols. The problem of findiniyl, is classical in combinatorics
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(counting necklaces made outrobeads oN different kinds) and is easily solved.
There areN" possible distinct strings of lengtihcomposed of letters. These
N" strings include allMq prime d-cycles whose period equals or divides. A
prime cycle is a non-repeating symbol string: for examples 011 = 101 =
110 = ...011011.. is prime, but0101 = 010101 .. = 01 is not. A primed-
cycle contributed strings to the sum of all possible strings, one for each cycli
permutation. The total number of possible periodic symkguences of period

is therefore related to the number of prime cycles by

Ny = Z dMg, (15.36)
din

whereN, equals tiT". The number of prime cycles can be computed recursively

1 d<n
My, = E[Nn—z dMq

B

dn
or by theMdbius inversion formula exercise 15.10
n
M, = nl (—) Ng. 15.37
n %u §) e (15.37)

where the Mobius functiop(1) = 1, u(n) = 0 if n has a squared factor, and
u(p1pz... pe) = (1) if all prime factors are dferent.

We list the number of prime cycles up to period 10 for 2-, 3- drétter
complete symbolic dynamics in table 15.3, obtained by Mélversion (15.37).
exercise 15.11

|
Example 15.10 Counting N-disk periodic points: & A simple example of
pruning is the exclusion of “self-bounces” in the N-disk game of pinball. The number of
points that are mapped back onto themselves after n iterations is given by Ny = trT".
The pruning of self-bounces eliminates the diagonal entries, Tn-disk = Tc — 1, so the
number of the N-disk periodic points is

Np=trT0 o= (N = 1)+ (-1)%(N — 1). (15.38)

Here T, is the complete symbolic dynamics transition matrix (14.7). For the N-disk
pruned case (15.38), Mébius inversion (15.37) yields

Mp-disk _ %% ,,(g) (N-1)°+ NT_l dzml #(3) (-1

= M™D for n>2. (15.39)

There are no fixed points, so MN-9ik = 0. The number of periodic points of period 2
is N2 — N, hence there are M’z\“ isk = N(N — 1)/2 prime cycles of period 2; for periods
n > 2, the number of prime cycles is the same as for the complete (N — 1)-ary dynamics
of table 15.3.
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Table 15.4: List of 3-disk prime cycles up to period 10. Hameés the cycle periodM, is

the number of prime cycled\, is the number of periodic points, a8} the number of
distinct prime cycles undddsz symmetry (see chapter 21 for further details). Column 3
also indicates the splitting dfl, into contributions from orbits of periods that divide
The prefactors in the fifth column indicate the degeneragyf the cycle; for example,
3.12 stands for the three prime cyclg8, 13 and23 related by 2/3 rotations. Among
symmetry-related cycles, a representagiwehich is lexically lowest is listed. The cycles
of period 9 grouped with parentheses are related by timesalveymmetry, but not by
any D3 transformation.

n M, N, Sn mp-p

1 0 O 0

2 3 632 1 312

3 2 623 1 2123

4 3  1832+34 1 31213

5 6 3065 1 612123

6 9 66=32+23+96 2 6121213+ 3121323

7 18 126187 3 61212123+ 6:1212313+ 6:1213123

8 30 25832+34+308 6 612121213+ 312121313+ 6:12121323
+6-12123123+ 6-12123213+ 312132123

9 56 516-2-3+569 10 6121212123+ 6-(121212313+ 121212323)
+6-(121213123+ 121213213} 6-:121231323
+6:(121231213 121232123) 2:121232313
+6-:121321323

10 99 1022 18
y
Example 15.11 Pruning individual cycles: J Consider the 3-disk game

of pinball. The prohibition of repeating a symbol affects counting only for the fixed

points and the 2-cycles. Everything else is the same as counting for a complete binary

dynamics (15.39). To obtain the topological zeta function, just divide out the binary 1-

and 2-cycles (1 - z)(1 - zty)(1 - Zto1) and multiply with the correct 3-disk 2-cycles

1- Zztlz)(l - 22'[13)(1 - Zzt23).' exercise 15.14
exercise 15.15

3
1fzdisk = (1- ZZ)%

1-29(1+2?=1-32-22. (15.40)

The factorization reflects the underlying 3-disk symmetry; we shall rederive it in (21.25).
As we shall see in chapter 21, symmetries lead to factorizations of topological polynomials
and topological zeta functions.

Example 15.12 Alphabet {a,cb’; b}:  (continuation of exercise 15.16) In the cycle
counting case, the dynamics in terms ofa — z, ¢tk » z+ 2+ 2 +---=z/(1-2)isa
complete binary dynamics with the explicit fixed point factor (1 -t,) = (1-2):  exercise 15.19

Ytiop=(1-2(1-2- =)= 1-32+ 7.
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Table 15.5: The 4-disk prime cycles up to period 8. The symbols is the sasnghown
in table 15.4. Orbits related by time reversal symmetry (lm€,, symmetry) already
appear at cycle period 5. Cycles of period 7 and 8 have beettenini

n M, N, Sn mp-p

1 0 0 0

2 6 1262 2 412+213

3 8 2483 1 8123

4 18 8462+184 4 81213+ 41214+ 21234+ 41243

5 48 246-485 6 8(12123+ 12124)+ 812313
+8(12134+ 12143)+ 812413

6 116 73262+83+1166 17 8121213+ 8121214+ 8121234
+ 8121243+ 8121313+ 8121314
+ 4121323+ 8(121324+ 121423)
+4121343+ 8121424+ 4121434
+ 8123124+ 8123134+ 4123143
+ 4124213+ 8124243

7 312 2184 39

8 810 6564 108

Résum é

The main result of this chapter is the cycle expansion ()502The topological
zeta function (i.e., the spectral determinant of the ttarsimatrix):

siop(@) = 1- ) &
k=1

For subshifts of finite type, the transition matrix is finigad the topological zeta
function is a finite polynomial evaluated by the loop expangil5.15) of det (+
zT). For infinite grammars the topological zeta function is wiedi by its cycle
expansion. The topological entropyis given by the leading zerp= e™. This
expression for the entropy exact in contrast to the initial definition (15.1), no
n — oo extrapolations of IiK,,/n are required.

What have we accomplished? We have related the number dbtppally
distinct paths from one state space region to another régite leading eigenvalue
of the transition matrixt. The spectrum of is given by topological zeta func-
tion, a certain sum over tracesTit, and in this way the periodic orbit theory has
entered the arena through the trace formula (15.10), alratthe level of the
topological dynamics.

The main lesson of learning how to count well, a lesson thhbeiconstantly
redfirmed, is that while trace formulas are a conceptually esdestép in deriving
and understanding periodic orbit theory, the spectrardéteant is the right object
to use in actual computations. Instead of summing all of #p@eentially many
periodic points required by trace formulas at each levelwfdation, spectral det-
erminants incorporate only the small incremental coroastito what is already
known - and that makes them a more powerful tool for comparnati

count - 29jan2009 ChaosBook.org version13.3, Sep 23 2010



Contrary to claims one all too often encounters in the litew “exponential
proliferation of trajectories” is nothe problem; what limits the convergence of
cycle expansions is the proliferation of the grammar rutesthe “algorithmic
complexity,” as illustrated by sect. 15.5, and figure 15.panticular. Nice, finite
grammar leads to nice, discrete spectrum; infinite grameead to analyticity
walls in the complex spectral plane.

Historically, these topological zeta functions were trepiration for applying
the transfer matrix methods of statistical mechanics tptbblem of computation
of dynamical averages for chaotic flows. The key result wasdynamical zeta
function to be derived in chapter 18, a weighted generadimaif the topological
zeta function.

Commentary

Remark 15.1 Artin-Mazur zeta functions. Motivated by A. Weil's zeta function for
the Frobenius map [15.8], Artin and Mazur [19.11] introdditiee zeta function (15.27)
that counts periodic points for flieomorphisms (see also ref. [15.9] for their evaluation
for maps of the interval). Smale [15.10] conjectured radidy of the zeta functions for
Axiom A diffeomorphisms, later proved by Guckenheimer [15.11] and Nand5.12].
See remark 19.4 on page 375 for more zeta function history.

Remark 15.2 “Entropy” The ease with which the topological entropy can be motivated
obscures the fact that our construction does not lead to\emiamt characterization of
the dynamics, as the choice of symbolic dynamics is largddjtrary: the same caveat
applies to other entropies.In order to obtain invariantabgerizations we will have to
work harder. Mathematicians like to define the (impossiblevaluate) supremum over
all possible partitions. The key point that eliminates tleead for such searches is the
existence ofieneratorsi.e., partitions that under the dynamics are able to proéethole
state space on arbitrarily small scales. A generator ist fpartitionM = {M;y ... Mn}
with the following property: consider the partition builpon all possible intersections
of setsf"(M;), wheref is dynamical evolution and takes all possible integer values
(positive as well as negative), then the closure of such &tipar coincides with the
‘algebra of all measurable sets.” For a thorough (and rdajldiscussion of generators
and how they allow a computation of the Kolmogorov entropg sef. [15.1].

Remark 15.3 Perron-Frobenius matrices. For a proof of the Perron theorem on the
leading eigenvalue see ref. [1.26]. Appendix A4.1 of reB.P] offers a clear discussion
of the spectrum of the transition matrix.

Remark 15.4 Determinant of a graph. Many textbooks fer derivations of the loop
expansions of characteristic polynomials for transiticatnices and their transition graphs,
see for example refs. [15.3, 15.4, 15.5].
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Remark 15.5 Ordering periodic orbit expansions. In sect. 20.5 we will introduce an
alternative way of hierarchically organizing cumulant arpions, in which the order is
dictated by stability rather than cycle period: such a pdoce may be better suited to
perform computations when the symbolic dynamics is not wedlerstood.

Remark 15.6 T is not trace class. Note to the erudite reader: the transition mafrix
(in the infinite partition limit (15.24)) isottrace class. Still the trace is well defined in

then — oo limit.

Remark 15.7 Counting prime cycles. Duval has an ficient algorithm for generating

Lyndon words (non-periodic necklaces, i.e., prime cydéteettaries).

Exercises

15.1. A transition matrix for 3-disk pinball.

a) Draw the transition graph corresponding to the 3-
disk ternary symbolic dynamics, and write down
the corresponding transition matrix corresponding
to the graph. Show that iteration of the transition
matrix results in two coupled linear féérence
equations, - one for the diagonal and one for
the df diagonal elements. (Hint: relateTF to 15.4.
T4

Solve the above fference equation and obtain the
number of periodic orbits of length. Compare

your result with table 15.4.

Find the eigenvalues of the transition maffifor 155,
the 3-disk system with ternary symbolic dynamics
and calculate the topological entropy. Compare
this to the topological entropy obtained from the
binary symbolic dynamicg0, 1}.

b

=

C

N

15.2. 3-disk prime cycle counting. A primecycle p
of lengthn, is a single traversal of the orbit; its label
is a non-repeating symbol string af, symbols. For
example,12 is prime, bu2121 is not, since it i®1 =
12 repeated.

Verify that a 3-disk pinball has 3, 2, 3, 6, 9,- prime
cycles of length 2, 3, 4, 5, 6; -.

15.3. Sum of A is like a trace. Let A be a matrix with
eigenvaluegy. Show that

Iyi= Z[A"]ij = ZCK/IE.
ij Kk

(a) Under what conditions do |tr A"| and In|y| hav:
the same asymptotic behavioras»> o, i.e., thel
ratio converges to one?

(b) Do eigenvaluedy need to be distinctly # A, fol
k # 1?7 How would a degeneracy = 4, affec
your argument for (a)?

Loop expansions. Prove by induction the sign rule
the determinant expansion (15.15):

det(1-2N)=>" > (-1ftpty - tp.

k=0 Py+--+px

Transition matrix and cycle counting. Suppose y«
are given the transition graph
b

SSOURO

c
This diagram can be encoded by a maffixwhere th
entry Tj; means that there is a link connecting naode
nodej. The value of the entry is the weight of the lir

a) Walks on the graph are given a weight that i
product of the weights of all links crossed by
walk. Convince yourself that the transition me
for this graph is:

a c
b 0]
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b) Enumerate all the walks of length three on the
transition graph. Now compufe® and look at the
entries. Is there any relation between the terms in
T3 and all the walks?

¢) Show thafT is the number of walks from point
i to point j in n steps. (Hint: one might use the

method of induction.) 15.9.

d) Estimate the numbeé,, of walks of lengthn for
this simple transition graph.

e) The topological entropy measures the rate of
exponential growth of the total number of walks
Kn as a function ofn. What is the topologicall5.10.
entropy for this transition graph?

15.6. Alphabet {0,1}, prune _00. . The transition
graph example 14.9 implements this pruning rule which
implies that “0” must always be bracketed by “1”s;
in terms of a new symbol 2=: 10, the dynamics
becomes unrestricted symbolic dynamics with with
binary alphabet{1,2. The cycle expansion (15.15)
becomes

¢

(1-t)A-t2)(1-tr2)(1-t112)...
= 1-ti—ty— (tiz—tat) (15.41) 15.11.
=(t112 = taoty) — (22 — ta2tp) . ..

In the original binary alphabet this corresponds to:

1/ = 1-t1—tio— (tzz0— titio) (15.42)

—(t1210— tazot1) — (trz010— tazotio) - - -

This symbolic dynamics describes, for example, cir&g'lz'
maps with the golden mean winding number. For
unimodal maps this symbolic dynamics is realized by
the tent map of exercise 11.6.

15.7. “Golden mean” pruned map. (continuation of
exercise 11.6) Show that the total number of periodic

orbits of lengthn for the “golden mean” tent map is

@+ VB + (1- VB)"
n ’
Continued in exercise 19.2. See also exercise 15.8.

15.8. A unimodal map with golden mean pruning.

Consider the unimodal map

075 10

fix)
05

00

o 025 05 075 L0 1
%
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for which the critical point maps into the right hand
fixed point in three iterations$™ = 100L. Show that
the admissible itineraries are generated by the above
transition graph, with transient neighborhooddiixed
point, and-00. pruned from the recurrent set. (K.T.
Hansen)

Glitches in shadowing. (medium dificulty) Note
that the combinatiomggor; minus the “shadowtoptoo11
in (15.20) cancels exactly, and does not contribute to
the topological zeta function (15.21). Are you able to
construct a smaller transition graph than figure 14.6 (e)?

Whence Mbbius function?  To understand the origin
of the Mdbius function (15.37), consider the function

f(n) = > o(d)

din

(15.43)

whered|n stands for sum over all divisodsof n. Invert
recursively this infinite tower of equations and derive the
Mbbius inversion formula

o) = ) u(n/d)f(d).

din

(15.44)

Counting prime binary cycles. In order to get
comfortable with Mobius inversion reproduce the results
of the second column of table 15.3.

Write a program that determines the number of prime
cycles of lengtm. You might want to have this program
later on to be sure that you have missed no 3-pinball
prime cycles.

Counting subsets of cycles. The techniques
developed above can be generalized to counting subset:
of cycles. Consider the simplest example of a dynamical
system with a complete binary tree, arepeller map (11.4)
with two straight branches, which we label 0 and 1.
Every cycle weight for such map factorizes, with a factor
to for each 0, and factdg for each 1 in its symbol string.
Prove that the transition matrix traces (15.7) collapse to
tr(TX) = (to + t1)%, and 1/ is simply

[Ja-t)=1-to-t

p

(15.45)

Substituting (15.45) into the identity
1-ty?
l—[(1+tp) = l_[ 1-tp

p p

we obtain

1-2-t2
_ 0~ 1
l—[(1+tp) = Touou
p
2toty
=1 —_—
+t0+t1+1—t0—t1
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15.13.

15.14.

15.15.

15.16.

15.17.
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= 1l+to+ty corresponding to the possible .1M0 block length
©onlo ek 2:=10, 3=100, ..., n:=100...00. Show that the cyc
e :
+ ; él 2(k— l)tot1 . expansion (15.15) becomes

10 = 1-ti—ty...—ty—(tiz— tatp) ...

Hence forn > 2 the number of terms in the cumulant
—(tan —tat) ... .

expansion withk 0's andn — k 1's in their symbol
sequences is (7).

In order to count the number of prime cycles in eag
such subset we denote witl,x (n = 1,2,...;k =
(0,1} forn=1; k=1,..., n—1 for n> 2) the number
of prime n-cycles whose labels contaknzeros. Show
that

E.lB. Alphabet {0,1}, prune _100Q, _0010Q, _0110Q
Show that the topological zeta function is given by

1/¢=(1-1to)(1-t1—tp — tog — t11g)

with the unrestricted 4-letter alphabfdt, 2, 23 113
Here 2 and 3 refer to 10 and 100 respectively,
exercise 15.17.

15.19. Alphabet {0,1}, prune -100Q, -0010Q, -0110Q
_10011. (This grammar arises from Héenon r
pruning, see remark 12.3.) The first three pruning
were incorporated in the preceeding exercise.

(a) Show that the last pruning rulé0011 leads (in
way similar to exercise 15.18) to the alphatt¥, 23
21%113 1,0}, and the cycle expansion

1/¢ = (1-to) (1 -ty —ta—taz+tytrz—tr113) .(15.49

Note that this says that 1, 23, 2, 2113 are
fundamental cycles; not all cycles up to length 7
needed, only 2113.

(b) Show that the topological zeta function is

(15.48

Mig = M1 =1, n>2,k=1...,n-1

]

m|

nank

P
where the sum is over ath which divide bothn andk.
(continued as exercise 20.7)

Logarithmic periodicity of InN,. (medium
difficulty) Plot (InNy, nh) for a system with a nontrivial
finite transition graph. Do you see any periodicity? If
yes, why?

Symmetric 4-disk pinball topological zeta function.
Show that the 4-disk pinball topological zeta function
(the pruning &ects only the fixed points and the 2-
cycles) is given by

Adisk  _ 1-2°

J'/gtop - (1 _ 2)3(1 _ 22)3

= (1-39(1+2°

(1-32 1Yltop=(1-2D(A-2-Z -2 +2 - 7') (15.5C

and that it yields the entrogy= 0.522737642. ..

= 1-62-8°-372. (15.46) _
15.20. Alphabet {0,1}, prune only the fixed point0.  Thit
is equivalent to thenfinite alphabet{1, 2, 3, 4,...
Symmetric N-disk pinball topological zeta function. unrestricted symbolic dynamics. The prime cy

are labeled by all non-repeating sequences of int
ordered lexically:th,,n > O; tmn, tymn...,N > M >0
tmnn T > N>m> 0,...(see sect. 24.3). Now the numr

Show that for anN-disk pinball, the topological zeta
function is given by

1ifog'™ (1-(N-1)zx of fundamental cycles is infinite as well:
(1 _ ZZ)N(N—I)/Z 3 B B B
-V i(1- ANIN-272 e =1 ;t" H;D(tm” totm)
= 1-(N-1)2@1+2"*.(15.47) _ Z (trmn— tten)

The topological zeta function has a raot = N - 1, n>m-0

as we already know it should from (15.38) or (15.18). - Z (tmnn— tmntn) (15.51
We shall see in sect. 21.4 that the other roots reflect the n>m>0

symmetry factorizations of zeta functions. - Z (tmnr + tmn — tnrt

r>n>m>0

Alphabet {a, b,c}, prune _ab_ . Write down the
topological zeta function for this pruning rule.

Alphabet {0,1}, prune n repeats of “0” _000...00.
This is equivalent to the symbol alphabet1,
2, ..., njunrestricted symbolic dynamics, with symbols

= tmrtn — tmtnr + tmtntr) U

As shown in table 24.1, this grammar play:
important role in description of fixed points of marg
stability.
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