Chapter 33

Semiclassical evolution

William Rowan Hamilton was born in 1805. At three
he could read English; by four he began to read Latin,
Greek and Hebrew, by ten he read Sanskrit, Persian,
Arabic, Chaldee, Syrian and sundry Indian dialects. At
age seventeen he began to think about optics, and worked
out his great principle of “Characteristic Function.”

— Turnbull, Lives of Mathematicians

(G. Vattay, G. Tanner and P. Cvitanovit)

where the de Broglie wavelength ~ 7/p of a particle with momentum

p is much shorter than the length scales across which the tiadtenthe
system changes significantly. In the short wavelength aqpiation the particle
is a point-like object bouncingfbpotential walls, the same way it does in the
classical mechanics. The novelty of quantum mechaniceimtbrference of the
point-like particle with other versions of itself traveljralong diferent classical
trajectories, a feat impossible in classical mechanice SHort wavelength — orremark 33.1
semiclassical — formalism is developed by formally takihg timit 7 — 0 in
guantum mechanics in such a way that quantum guantities gfeetoclassical
counterparts.

SMICLASSICAL APPROXIMATIONS tO quantum mechanics are valid in the regime

33.1 Hamilton-Jacobi theory

We saw in chapter 32 that for a 1-dof particle moving in a sjovarying potential,
it makes sense to generalize the free particle wave fung¢B@ril) to a wave
function

w(a.t) = Ag, eRev”, (33.1)

600



with slowly varying (real) amplitudé(q, t) and rapidly varying (real) pha$¥q, t).
its phase and magnitude. The time evolution of the phasehenchagnitude off exercise 32.1
follows from the Schrodinger equation (31.1)

0 W 9?
(uha + IR V(q)) ¥(q,1) =0. (33.2)

AssumeA # 0, and separate out the real and the imaginary parts. We get tw
equations: The real part governs the time evolution of tresph

oR oR n? 1 92
ot Zm(aq) ”—Enza—qz“ 0. (33.3)
and the imaginary part the time evolution of the amplitude exercise 33.6

exercise 33.7

0AOR 1 a2R
ot _Zaq. 5q  2m aq2 N (33.4)

exercise 33.8

In this way a linear PDE for a complex wave function is cormeéiinto a set of
coupled non-linear PDE’s for real-valued functioR@nd A. The coupling term
in (33.3) is, however, of ordgr? and thus small in the semiclassical limit- 0.

Now we generalize th&\entzel-Kramers-Brillouin (WKB) ansatz for 1-dof
dynamics to the Van Vleclnsatzin arbitrary dimension: we assume the magnitude
A(g, t) varies slowly compared to the phalf, t)/7, so we drop thé-dependent
term. In this approximation the phaBgg, t) and the corresponding “momentum
field” aR(q, t) can be determined from the amplitude independent equation

OR 0R
R H (q, a_q) -0, (33.5)

In classical mechanics this equation is known asHilaeilton-Jacobi equation.
We will refer to this step (as well as all leading order7irapproximations to
follow) as thesemiclassical approximation to wave mechanics, and from now on
work only within this approximation.

33.1.1 Hamilton’s equations

We now solve the nonlinear partialffiirential equation (33.5) in a way the 17
year old Hamilton might have solved it. The main step is tlep $ading from
the nonlinear PDE (33.9) to Hamilton’s ODEs (33.10). If yixeady understand
the Hamilton-Jacobi theory, you can safely skip this sectio
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R(@.t) R(@.t)

Figure 33.1: (a) A phaseR(q,t) plotted as a
function of the positiorg for two infinitesimally

close times. (b) The phad®q,t) transported by 9 %+ dd a
a swarm of “particles”; The Hamilton’s equations

(33.10) construcR(qg, t) by transportingjo — q(t)

and the slope oR(qp, to), that ispy — p(t). (@)

W fast track:
sect. 33.1.3, p. 605

The wave equation (31.1) describes how the wave funafi@volves with
time, and if you think of} as an (infinite dimensional) vector, positigrplays a
role of an index. In one spatial dimension the phag#otted as a function of the
positionq for two different times looks something like figure 33.1 (a): The phase
R(q, tg) deforms smoothly with time into the phaRéqg, t) at timet. Hamilton’s
idea was to let a swarm of particles transgeind its slopeIR/dq at g at initial

timet = tp to a correspondindgr(q, t) and its slope at timg, figure 33.1 (b). For
notational convenience, define

R
pi=p@t:=-—-. i=12....D. (33.6)
ef

We saw earlier that (33.3) reduces in the semiclassicabappation to the Hamilton-
Jacobi equation (33.5). To make life simple, we shall assthraughout this
chapter that the Hamilton’s functidd(q, p) does not depend explicitly on tirig
i.e., the energy is conserved.

To start with, we also assume that the functigfg,t) is smooth and well
defined for everyq at the initial timet. This is true for sticiently short times;
as we will see laterR develops folds and becomes multi-valued @sogresses.
Consider now the variation of the functid®(g,t) with respect to independent
infinitesimal variations of the time and space coordindtemnddq, figure 33.1 (a)

OR OR

Dividing through bydt and substituting (33.5) we obtain the total derivative of
R(qg, t) with respect to timalong the as yet arbitrary direction g, that is,

drR, . .
E(q, g.t)=-H@p)+q-p. (33.8)
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Note that the “momentum’p = dR/dq is a well defined function ofj andt.

In order to integratdR(g,t) with the help of (33.8) we also need to know how
p = 0R/0qg changes along. Varying p with respect to independent infinitesimal
variationsdt anddq and substituting the Hamilton-Jacobi equation (33.5)dgel

R O0R R H oH
R LR -_(a_+‘9_‘9_p)dt+‘9_pd.

99a = e 9 %= "\ g T apag) M ag

Note thatH(q, p) depends om also throughp(g,t) = 0R/dq, hence théjg—g term
in the above equation. Dividing again throughdiywe get the time derivative of
0R/0q, that is,

o OH (. oH\ap
p(q,q,t)+a—q—(q ap)aq' (33.9)

Time variation ofp depends not only on the yet unknogrbut also on the second
derivatives oR with respect ta with yet unknown time dependence. However, if
we choose g (which was arbitrary, so far) such that the right hand sidbefbove
equation vanishes, we can calculate the fundi(m t) along a specific trajectory
(q(t), p(t)) given by integrating the ordinary flerential equations

. 0H(g, p) . _ _0H(a, p)
4= =~ (33.10)

with initial conditions

/ / aR /
dto) =0a’,  plto) =P’ = a_q(q o). (33.11)

section 7.1

We recognize (33.10) as Hamilton’s equations of motion a$sical mechanics.
The miracle happens in the step leading from (33.5) to (33i®you missed it,

you have missed the point. Hamilton derived his equatiomgeroplating optics
- it took him three more years to realize that all of Newtonigmamics can be
profitably recast in this form.

g is no longer an independent function, and the phaggt) can now be
computed by integrating equation (33.8) along the trajgdfm(t), p(t))

R(a. t)
R(a.t; 9, to)

R(d', to) + R(a, t; ', to)
t
fto dr [¢(2) - p(x) - H(q(e). p)] . (33.12)

with the initial conditions (33.11). In this way the Hamittdacobpartial differential
equation (33.3) is solved by integrating a setoodinary differential equations,
Hamilton's equations. In order to determiRég, t) for arbitraryq andt we have
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to find aq’ such that the trajectory starting iq’(p” = d4R(d’, to)) reachegy in
timet and then computR along this trajectory, see figure 33.1 (b). The integrand
of (33.12) is known as thkagrangian,

L(@.0,t)=q- p-H(q, p.t). (33.13)

A variational principle lurks here, but we shall not make iméwess about it as yet.

Throughout this chapter we assume that the energy is ca@tseamd that the
only time dependence &f(q, p) is through §(7), p(r)), so the value oR(q, t; d', to)
does not depend dg, but only on the elapsed time-ty. To simplify notation we
will setty = 0 and write

R(a.d'.t) = R(g.t; ¢, 0).

The initial momentum of the particle must coincide with th&ial momentum of
the trajectory connecting andq:

0 0
= R(d’,0) = ——R(q,q, 1). 33.14
P = 55 R0 = —57R@.d.D (33.14)
exercise 33.5
The functionR(q, ¢, t) is known asHamilton’s principal function. exercise 33.9

To summarize: Hamilton’s achievement was to trade in the ilamJacobi
partial differential equation (33.5) describing the evolution of a wiawgat for a
finite number ofordinary differential equations of motion, with the initial phase
R(g, 0) incremented by the integral (33.12) evaluated along llas@ space trajectory

(9(). p(2)).-

33.1.2 Action

Before proceeding, we note in passing a few facts about Ham@in dynamics
that will be needed for the construction of semiclassicaeais functions. If the
energy is conserved, thﬁH(q, p)dr integral in (33.12) is simphEt. The first
term, or theaction

t q
S4.d.B)= [ dra)-p = [ da-p (33.15)

is integrated along a trajectory frogh to q with a fixed energye. By (33.12) the
action is a Legendre transform of Hamilton’s principal ftioe

S(a.9'.E) = R(a.9',t) + Et. (33.16)
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The time of flightt along the trajectory connectirgg — q with fixed energyk is
given by

0 .
2=S@.q.E)=t. (33.17)

The way to think about the formula (33.16) for action is ttne ime of flight is a
function of the energyt, = t(g, ', E). The left hand side is explicitly a function of
E; the right hand side is an implicit function & through energy dependence of
the flight timet.

Going in the opposite direction, the energy of a trajectery= E(q,q’,1t)
connectingqg — q with a given time of flightt is given by the derivative of
Hamilton’s principal function

9 /
&R(q’q ) =-E, (33.18)

and the second variations BfandS are related in the standard way of Legendre
transforms:

2 62

0 ,
—R(0.q ,t)@

pre S(g,q,E) = -1. (33.19)

A geometric visualization of what the phase evolution lobks is very helpful

in understanding the origin of topological indices to beadticed in what follows.

Given an initial phas®&(q, to), the gradientqR defines @-dimensional.agrangian section 33.1.4
manifold (g, p = 9qR(q)) in the full 2d dimensional phase space, ). The

defining property of this manifold is that any contractibb®p y in it has zero

action,

O:SEdq-p,
Y

a fact that follows from the definition gf as a gradient, and the Stokes theorem.
Hamilton’s equations of motion preserve this property arabrma Lagrangian
manifold into a Lagrangian manifold at a later tine.

Returning back to the main line of our argument: so far we ftiatermined
the wave function phasi(g,t). Next we show that the velocity field given by
the Hamilton’s equations together with the continuity doumadetermines the
amplitude of the wave function.

33.1.3 Density evolution

To obtain the full solution of the Schrodinger equation.{31we also have to
integrate (33.4).

p(a,1) := A? = gy
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plays the role of a density. To the leding orderfinthe gradient oR may be
interpreted as the semiclassical momentum density

. _ A OR
V@O (Z (G D) = AT+ pT

Evaluated along the trajectorg(f), p(t)), the amplitude equation (33.4) is equivalent
to the continuity equation (16.36) after multiplying (3BBY 2A, that is

— +—(pv) = 0. (33.20)

Here,vi = g = pi/mdenotes a velocity field, which is in turn determined by the
gradient ofR(q, t), or theLagrangian manifold (q(t), p(t) = dqR(a, 1)),

10
V= E%R(q,t).

As we already know how to solve the Hamilton-Jacobi equatg@$15), we can
also solve for the density evolution as follows:

The densityp(g) can be visualized as the density of a configuration space
flow q(t) of a swarm of hypothetical particles; the trajectorggy are solutions
of Hamilton’s equations with initial conditions given bg(0) = ¢, p(0) = p’ =
R, 0)).

If we take a small configuration space voludi&g around some poirg at time
t, then the number of particles in itjgqg, t)d°dq. They started initially in a small
volumedPq’ around the point/’ of the configuration space. For the moment, we
assume that there is only one solution, the case of seveta pél be considered
below. The number of particles at tinhé the volume is the same as the number
of particles in the initial volume &t= 0,

p(at),t)d®q = p(q', 0)d°q
see figure 33.2. The ratio of the initial and the final volumas loe expressed as

oq
aq

o(q,0). (33.21)

p(a(t).t) = \det

section 16.2

As we know how to compute trajectorieg(t), p(t)), we know how to compute
this Jacobian and, by (33.21), the dengpifg(t), t) at timet.
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Figure 33.2: Density evolution of an initial surface
(o,p = 904R(t,0) into (Q(t), p(t)) surface timet
later, sketched in 1 dimension. While the number ¢
trajectories and the phase space Liouville volume a
conserved, the density of trajectories projected on tl
g coordinate varies; trajectories which startediin at
time zero end up in the interveb.

dy dy
33.1.4 Semiclassical wave function

Now we have all ingredients to write down the semiclassicavevfunction at
time t. Consider first the case when our initial wave function carwbigen in

terms of single-valued functio®q’, 0) andR(q’, 0). For stficiently short times,
R(g,t) will remain a single-valued function af, and everyd®q configuration
space volume element keeps its orientation. The evolvee faction is in the
semiclassical approximation then given by

A )R = [det?d A 0)d R -OR@GT D)/
9 8q b
detﬂ dR@a’.n/a w(q,0)
aq T

As the time progresses the Lagrangian manif@|&(q, t) can develop folds, so
for longer times the value of the phaRfg, t) is not necessarily unique; in general
more than one trajectory will connect poirtandq’ with different phaseR(q, d', t)
accumulated along these paths, see figure 33.3.

¥s(,1)

We thus expect in general a collection offdrent trajectories frong’ to
g which we will index by j, with different phase incremenj(q,q,t). The
hypothetical particles of the density flow at a given confagion space point can
move with diferent moment = d4R;j(q,t). This is not an ambiguity, since in
the full (g, p) phase space each particle follows its own trajectory witmigue
momentum.

Whenever the Lagrangian manifold develops a fold, the deo$ithe phase
space trajectories in the fold projected on the configunatimordinates diverges.
As illustrated in figure 33.3, when the Lagrangian manifoklelops a fold at
g = 0i1; the volume elementlg; in the neighborhood of the folding point is
proportional to\/d_q’ instead oflq’. The Jacobiadq’ /dqdiverges like 1 +/a; — q(t)
when computed along the trajectory going trough the folgiomt atqg;. After
the folding the orientation of the intervaly has changed when being mapped
into dgp; in addition the functiorR, as well as its derivative which defines the
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Figure 33.3: Folding of the Lagrangian surface
(q’ aq R(q’ t))

Lagrangian manifold, becomes multi-valued. Distinctecapries starting from
different initial pointsq’ can now reach the same final pomt (That is, the
point g may have more than one pre-image.) The projection of a sirfiobde

or of an envelope of a family of phase space trajectoriesalled acaustic; this

expression comes from the Greek word for “capable of burhiegoking the

luminous patterns that one observes swirling across therbodf a swimming
pool.

The folding also changes the orientation of the pieces df #fygangian manifold
(9, 99R(q, 1)) with respect to the initial manifold, so the eigenvaluéthe Jacobian
determinant change sign at each fold crossing. We can kaelp of the signs by
writing the Jacobian determinant as

aq deta—q’ ,
aq i

det—| = e ™M@aY
0

alj

wherem;(q, d’, t) counts the number of sign changes of the Jacobian detanmina
on the way from’ to q along the trajectory indexed witp see figure 33.3. We
shall refer to the integem;(q, o', t) as thetopological of the trajectory. So in
general the semiclassical approximation to the wave fands thus a sum over
possible trajectories that start at any ingiabnd end ing in timet

aq/ 12 ; ] ,
Yse(Q, 1) = f dq’Z’deta—q’_ eRI@a/m-mm@d 02y (qp 0),  (33.22)
i J

each contribution weighted by corresponding density, @hasrement and the
topological index.

That the correct topological index is obtained by simplyrdng the number
of eigenvalue sign changes and taking the square root isbhviius - the careful
argument requires that quantum wave functions evaluatedsthe folds remain
single valued.
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33.2 Semiclassical propagator

We saw in chapter 31 that the evolution of an initial wave fiorcy/(q,0) is
completely determined by the propagator (31.12) KAs, ¢', t) itself satisfies the
Schrodinger equation (31.14), we can treat it as a wavetiimparameterized
by the configuration poing/. In order to obtain a semiclassical approximation
to the propagator we follow now the ideas developed in thiedastion. There
is, however, one small complication: the initial conditi(8i.15) demands that
the propagator &t= 0 is ad-function atq = ¢, that is, the amplitude is infinite
at g and the phase is not well defined. Our hypothetical cloud dfighes is
thus initially localized aty = g with any initial velocity. This is in contrast
to the situation in the previous section where we assumddtibgarticles at a
given pointg have well defined velocity (or a discrete set of velocitieseg by
g = dpH(g, p). We will now derive at a semiclassical expressionKdga, ', t) by
considering the propagator for short times first, and esledimg from there to
arbitrary timed.

33.2.1 Short time propagator

For infinitesimally short timest away from the singular poirit= 0 we assume
that it is again possible to write the propagator in terms wofedl defined phase
and amplitude, that is

K(a. o 6t) = A(g, o, 5t)erRad o0
As all particles start a = ', R(q, ', 6t) will be of the form (33.12), that is
R(@.d', ot) = pgot — H(a, p)dt, (33.23)

with § ~ (q—q')/6t. For Hamiltonians of the form (31.2) we hage="p/m, which
leads to

m(q - )?
t

R(a.q',6t) = %

- V(qg)dt.

HereV can be evaluated any place along the trajectory fgaimg’, for example
at the midway poin¥/((q+q')/2). Inserting this into our ansatz for the propagator
we obtain

Kee(Gh o, 6t) ~ A(Q, of, ot)er (2 @)’ -Viaa) (33.24)
For infinitesimal times we can neglect the tekfg)st, so Kg(q,d', 6t) is ad-

dimensional Gaussian with wid#? = ixst/m. This Gaussian is a finite width
approximation to the Dirac delta function

. l _22 2 2
5(2) = lim ——e2/% (33.25)
o—0 \,27'(0'2
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if A= (m/27ikst)P/2, with A(g, g, 6t) fixed by the Dirac delta function normalization
condition. The correctly normalized propagator for inésimal timest is thereforexercise 33.1

, m \D/2 i maq?_
Ksc(q,q,ét)z(zﬂih&) en (o VAN (33.26)

The short time dynamics of the Lagrangian manifaldbgR) which corresponds
to the quantum propagator can now be deduced from (33.28)pbtains

oR

IR m
aq 5

pz—t(q—q’),

i.e., is the patrticles start for short times on a Lagrangianifold which is a plane

in phase space, see figure 33.4. Note, thatstor 0, this plane is given by
the conditionq = ¢, that is, particles start on a plane parallel to the momentum
axis. As we have already noted, all particles starfjat ' but with different
velocities fort = 0. The initial surfaced’, p’ = d4R([, 0)) is mapped into the
surface ((t), p(t)) some time later. The slope of the Lagrangian plane for a short
finite time is given as

op _ R _ Oop _m_
6q;  0qi0q  ag; ot

The prefactorf/6t)P/2 in (33.26) can therefore be interpreted as the determinant
of the Jacobian of the transformation from final positionrdiomatesq to initial
momentum coordinateg’, that is

o\"? raq
Ks(a, o, 6t) = et ) gRad.a/n, (33.27)

—|d
(2rin)P/2 ( aq
where

oo/ 2 ’
ol _oREq.9 (33.28)
aqj g aqjaqi

The subscript - |y o indicates that the partial derivatives are to be evaluatiélll w
t, g fixed.

The propagator in (33.27) has been obtained for short tiritdés, however,
already more or less in its final form. We only have to evolve shwort time
approximation of the propagator according to (33.22)

aq 1/2 1 7 ’ H /! /
Ksc(q”7 q/’ t + 6t) — Z ‘detW‘ e|Rj (9”,q,t")/a-izm;(q”.q,t )/ZK(q’ q/J’ 6t) ,
j J

VanVleck - 28dec2004 ChaosBook.org version13.3, Sep 23 2010



Figure 33.4: Evolution of the semiclassical
propagator. The configuration which corresponds -
the initial conditions of the propagator is a Lagrangia
manifold q = ¢, that is, a plane parallel to thp
axis. The hypothetical particles are thus initially
all placed atq' but take on all possible moments___
p’. The Jacobian matric (33.29) relates an initial
volume element in momentum spade’ to a final
configuration space volunus.

and we included here already the possibility that the phaserbes multi-valued,
that is, that there is more than one path frgito g”. The topological indexn; =
m;(q”, d, t) is the number of singularities in the Jacobian along thedtary j
from g to g”’. We can writeKg.(q”, (', t’ + 6t) in closed form using the fact that
R(”,q,t) + R(q, ¢, 6t) = R(g”’,q,t" + 6t) and the multiplicativity of Jacobian
determinants, that is

det ] et PP| ~ get 2P . (33.29)
aq” g 99 ly st 0" |y 4ot
The final form of the semiclassical ¥an Vleck propagator, is thus
1 |2 R i
K / — - il i (0.0,1) /R |mjn/2. )
«(a q',1) Z,: L ‘det 7 e (33.30)

This Van Vleck propagator is the essential ingredient oseraiclassical quantization
to follow.

The apparent simplicity of the semiclassical propagatadeseptive. The
wave function is not evolved simply by multiplying by a complnumber of
magnitude /detdp’/dq and phaser(qg, ¢, t); the more dificult task in general
is to find the trajectories connectimgandq in a given timet.

In addition, we have to treat the approximate propagator3(B3with some
care. Unlike the full quantum propagator, which satisfies ginoup property
(31.13) exactly, the semiclassical propagator perfornss ahly approximately,
that is

Ke(g, q',t1 + 1) ~ f dg” Ke(a, 97, t2)Ks(q”, d', 1) . (33.31)

The connection can be made explicit by the stationary ph@s®aimation, sect. 32.2.
Approximating the integral in (33.31) by integrating onlyeo regions near points
q” at which the phase is stationary, leads to the stationargepbandition

IR@.9"t)  IRM".A.L) _ (33.32)
aq’ og’
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Classical trajectories contribute whenever the final mdomarfor a path fronmgy’

to g’ and the initial momentum for a path frogf to g coincide. Unlike the
classical evolution of sect. 17.2, the semiclassical dimius not an evolution by
linear operator multiplication, but evolution supplenehby a stationary phase
condition poyt = pin that matches up the classical momenta at each evolution
step.

33.2.2 Free particle propagator

To develop some intuition about the above formalism, carside case of a free
particle. For a free particle the potential energy vanishies kinetic energy is
%‘qz, and the Hamilton’s principal function (33.12) is

R(g.q.1) = m(%q/)z. (33.33)

The weight de% from (33.28) can be evaluated explicitly, and the Van Vleck
propagator is

D/2 )
Ke(a, d,t) = (%) gma-ay’ /2t (33.34)
identical to the short time propagator (33.26), witfg) = 0. This case is rather
exceptional: for a free particle the semiclassical propgagarns out to be the

exact quantum propagatdt(qg, d’,t), as can be checked by substitution in the
Schrodinger equation (33.2). The Feynman path integnahdtism uses thisremark 33.3
fact to construct an exact quantum propagator by integyatie free particle
propagator (withv(q) treated as constant for short times) along all possiblé (no

necessarily classical) paths fraghto g. exercise 33.10
exercise 33.11
exercise 33.12

33.3 Semiclassical Green’s function

So far we have derived semiclassical formulas for the timgution of wave
functions, that is, we obtained approximate solutionsedithe dependent Schrodinger
equation (31.1). Even though we assumed in the calculatiotmeaindependent
Hamiltonian of the special form (31.2), the derivation wbldad to the same final
result (33.30) were one to consider more complicated oi@#pltime dependent
Hamiltonians. The propagator is thus important when we rterested in finite

time quantum mechanicaltects. For time independent Hamiltonians, the time
dependence of the propagator as well as of wave functiohsuggver, essentially
given in terms of the energy eigen-spectrum of the systenm &31.10). It is
therefore advantageous to switch from a time representtdian energy representation,
that is from the propagator (31.12) to the energy dependeaer®s function
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(31.16). A semiclassical approximation of the Green’s fiomcGg«(q, q', E) is
given by the Laplace transform (31.16) of the Van Vleck pgaiarK«(q, d', t):

1
C(0. 0, E) = — fo dte®/"Kg(a.q.1). (33.35)

The expression as it stands is not very useful; in order ttuatathe integral, at
least to the leading order iy we need to turn to the method of stationary phase
again.

33.3.1 Stationary phase in higher dimensions
exercise 32.1

Generalizing the method of sect. 32.2dtdimensions, consider stationary phase
points fulfilling

d
d—xi‘D(X)

X=Xo

An expansion of the phase up to second order involves nowythengtric matrix
of second derivatives ab(x), that is

2

Dij(x0) = o(x)

0%0X; V-

After choosing a suitable coordinate system which diageesD, we can approximate
the d-dimensional integral byl 1-dimensional Fresnel integrals; the stationary
phase estimate of (32.13) is then

|~ ) (2ri/9%2 |detD(xo)| 2 A(xp) €000 F M) (33.36)
Xo

where the sum runs over all stationary phase poigtsf ®(x) andm(xg) counts

the number of negative eigenvaluesiix). exercise 28.2
exercise 33.2

The stationary phase approximation is all that is needethiosemiclassicalexercise 32.3
approximation, with the proviso th&t in (33.36) has no zero eigenvalues.

33.3.2 Long trajectories

When evaluating the integral (33.35) approximately we hawkstinguish between
two types of contributions: those coming from stationarnof the phase and
those coming from infinitesimally short times. The first tyglecontributions
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can be obtained by the stationary phase approximation ahtevireated in this
section. The latter originate from the singular behaviaghefpropagator for — 0
where the assumption that the amplitude changes slowly amdpo the phase
is not valid. The short time contributions therefore havéédreated separately,
which we will do in sect. 33.3.3.

The stationary phase points of the integrand in (33.35) are given by the
condition

L R@C.) +E=0. (33.37)

We recognize this condition as the solution of (33.18), imet* = t*(q,q’, E) in
which a particle of energi starting out inq’ reacheg). Taking into account the
second derivative of the phase evaluated at the statiomagegpoint,

29”

e RE. )+

R(g,q,t) + Et = R(g, g, t*) + Et* + :—ZL(t -t

the stationary phase approximation of the integral comegdimg to a classical
trajectoryj in the Van Vleck propagator sum (33.30) yields

PR\

1/2

’ 1 lg._imm.
Gj(a.q.E) = @A O ersSi—2M (33.38)

wherem; = mj(qg, ', E) now includes a possible additional phase arising from the
time stationary phase integration (32.16), &)d= Ci(g,qd',t"), Rj = Rj(q, d, t)

are evaluated at the transit tirtie We re-express the phase in terms of the energy
dependent action (33.16)

S(g,q,E) = R(g, ¢, t*) + Et*, with t* =t*(q,q, E), (33.39)

the Legendre transform of Hamilton’s principal function.otd that the partial
derivative of the action (33.39) with respectdgo

95(a.9.E) _ IR@.q,t") +(6R(q, q.9 +E) It
G o o oa’

is equal to

95(¢.9.E) _ 9R(q.9.1")

, 33.40
g oq; ( )

due to the stationary phase condition (33.37), so the definitf momentum as a
partial derivative with respect tg remains unaltered by the Legendre transform
from time to energy domain. exercise 33.13
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Next we will simplify the amplitude term in (33.38) and retriit as an
explicit function of the energy. Consider th®[¢ 1)x(D + 1)] matrix

s »s ap’ ap

_ | dqd Oq0E | _| T8 ~ OE
D(q,q’,E)—( P s )—( PR 4 J (33.41)

AaOE JE? aq oE

whereS = S(q, q', E) and we used (33.14-33.17) here to obtain the left hand side
of (33.41). The minus signs follow from observing from thdiniéon of (33.15)

that S(g,q, E) = —-S(d, g, E). Note thatD is nothing but the Jacobian matrix
of the coordinate transformatio,E) — (p',t) for fixed q’. We can therefore
use the multiplication rules of determinants of Jacobiartsch are just ratios of
volume elements, to obtain

detD = (-1)°+ (detM) _ 2P (deta(pzt) oY) )
q o

d(g,E) d(g.t) 4(qg, E)
op’ ot R\ !
— -1 D+1 — .
(-1) (det_aq )t’q (det—aE)q/’q detC(atz)

We use here the notatigdet.), ; for a Jacobian determinant with partial derivatives
evaluated att, ' fixed, and likewise for other subscripts. Using the rela{@®119)
which relates the terrﬁ% to 9’R we can write the determinant & as a product

of the Van Vleck determinant (33.28) and the amplitude faeatising from the
stationary phase approximation. The amplitude in (33.38)tbhus be interpreted
as the determinant of a Jacobian of a coordinate transfmmathich includes
time and energy as independent coordinates. This causesdiease in the
dimensionality of the matri relative to the Van Vleck determinant (33.28).

We can now write down the semiclassical approximation ofcitribution
of the jth trajectory to the Green'’s function (33.38) in explicilpergy dependent
form:

(ad E)— 1 (2 g _izm
Gj(q,q s E) - W |detDJ| en~lm2700 (3342)

However, this is still not the most convenient form of the &res function.

The trajectory contributing t&;(q, o', E) is constrained to a given energy
E, and will therefore be on a phase space manifold of constaatgg, that is
H(qg, p) = E. Writing this condition as a partial filerential equation fo8(q, q', E),
that is

0S
H(q’ a_q) - E’
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one obtains

d OH dp; . %S
oo @) ap; oq U agoq
0 9°S
2 H(.,p) =0= 22 ¢, 33.43

that is the sub-matrigS/dqg;dq; has (left- and right-) eigenvectors corresponding
to an eigenvalue 0. Rotate the local coordinate system atither end of the
trajectory

(QL 02,03, -, Qd) - (q”’ Out, Qu2, -, qJ_(D—l))

so that one axis points along the trajectory and all otherparpendicular to it

(ql’qz’q3""’qd)_) (q’O,O”O)

With such local coordinate systems at both ends, with thgitodinal coordinate
axis g pointing along the velocity vector of magnitudethe stability matrix of
S(g, (', E) has a column and a row of zeros as (33.43) takes form

L 8%S oS
q / = 3 /q = o
aq”aqi aqlaq”

The initial and final velocities are non-vanishing exceptgoints|gl = 0. These

are the turning points (where all energy is potential), archgsume that neithgr

norq’ is a turning point (in our application - periodic orbits - wancalways chose
g = ¢ not a turning point). In the local coordinate system with axés along

the trajectory and all other perpendicular to it the detaant of (33.41) is of the
form

0 0 S

JEq|
detD(q, o, E) = (-1)°*|det 0 % « . (33.44)
52s C,
Jq0E

The corner entries can be evaluated using (33.17)

9°S 0 1 H°S 1

dq0E ~ dqy 4 OEaq ¢

As theq axis points along the velocity direction, velocitigs)” are by construction
almost always positive non-vanishing numbers. In this via@ydeterminant of the
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[(D+1)x(D+1)] dimensional matrixD(g, ¢, E) can be reduced to the determinant
of a [(D — 1)x(D - 1)] dimensionakransverse matrix D, (g, q', E)

1

detD(q’ q” E) = qq, detDL(q, q/, E)
9°S(a.9, E)
D.(0.d.E) = - ) 33.45
J_(q q )Ik aqLiaqlk ( )

Putting everything together we obtain tfik trajectory contribution to the semiclassical
Green'’s function exercise 33.15

, 1 1 i1Y2 is it
i B) = o gz (o0 %75, (33.46)

where the topological indem; = mj(q, d', E) now counts the number of changes
of sign of detD! along the trajectory which connectsgy to q at energyE.

The endpoint velocitieg, § also depend ony( (', E) and the trajectory.

33.3.3 Short trajectories

The stationary phase method cannot be used whensmall, both because we
cannot extend the integration in (32.16) too, and because the amplitude of
K(g,q',t) is divergent. In this case we have to evaluate the integvalving the
short time form of the exact quantum mechanical propag@®26)

1 re m \P/2 i ma-a)?
/ = _ - 7 ( ~V(a)t+Et)
Go(a. 9, E) - fo dt (27riht) ez . (33.47)

By introducing a dimensionless variahte= t /2m(E — V(q))/miq — /|, the
integral can be rewritten as

D1 .
Go(0. 0, E) = m ( V2m(E ~ V))z f dr e SoladE)(r+1/7)
0

in2(2ni)P/2 \  hlg - 7D/2

whereSy(q, ', E) = v2m(E — V)|q — d'| is the short distance form of the action.
Using the integral representation of the Hankel functiofirsf kind

H:—(Z) — _%e—ivn/Zﬁ e%iz(‘r+l/‘r)T—v—1dT
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we can write the short distance form of the Green’s funct®n a

D-2
, im (V2m(E -V)\ ? ,
G )~ 55 (g His(Suad B, (3348

Hankel functions are stabdard, and their the short wavéieasymptotics is described
in standard reference books. The short distance Greeniidnnapproximation
is valid whenSy(q, q', E) < 7.

Résumé

The aim of the semiclassical or short-wavelength methode epproximate a
solution of the Schrodinger equation with a semiclassiale function

U@ t) = ) Aj(g HeRevn,
j

accurate to the leading order fin Here the sum is over all classical trajectories
that connect the initial poing’ to the final pointg in timet. “Semi-" refers to,
the quantum unit of phase in the exponent. The quantum mmshanters only
through this atomic scale, in units of which the variatiortle# phase across the
classical potential is assumed to be large. “—classicé#trseo the rest - both the
amplitudesA(g, t) and the phaseR;(q, t) - which are determined by the classical
Hamilton-Jacobi equations.

In the semiclassical approximation the quantum time eiaiubperator is
given by thesemiclassical propagator

, 1 op’
K(g, 9, 1) = W Zjl ‘deta—cI J
where the topological indexij(q, ', t) counts the number of the direction reversal
along thejth classical trajectory that connecfs— qin timet. Until very recently
it was not possible to resolve quantum evolution on quantoma scales (such as
one revolution of electron around a nucleus) - physical nmegsents are almost
always done at time scales asymptotically large compartttmtrinsic quantum
time scale. Formally this information is extracted by meairesLaplace transform
of the propagator which yields the energy dependemiclassical Green’sfunction

Gx(4.0,E) = Go(a.q.E)+ ) Gi(a.d,E)
j

1/2

l ic. _imtm.
eiSi—zM (33.49)

in(2nin) 2"

a /
idet Py

Gi@a.6) q - oq
L

i
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whereGo(q, d', E) is the contribution of short trajectories wiBy(qg,q, E) < 7,
while the sum is over the contributions of long trajectoi(@3.46) going frong’
to g with fixed energyE, with Sj(q, ', E) > 7.

Commentary

Remark 33.1 Limit#i— 0. The semiclassical limit# — 0” discussed in sect. 33.1
is a shorthand notation for the limit in which typical quaies like the action®R or
S in semiclassical expressions for the propagator or the i@ denction become large
compared tdi. In the world that we live in the quantity is a fixed physical constant
whose value [33.8] is.054571596(82) 16 Js.

Remark 33.2 Madelung’s fluid dynamics. Already Schrodinger [33.3] noted that

p=p(a1)=A=yy

plays the role of a density, and that the gradienRomay be interpreted as a local
semiclassical momentum, as the momentum density is

i@t — i 4 7R
¥(g.t) (—Iha—q)w(q,t) = 'hAaq g

A very different interpretation of (33.3-33.4) has been given by Maug([33.2], and
then built upon by Bohm [33.6] and others [33.3, 33.7]. Kegpihez dependent term
in (33.3), the ordinary dierential equations driving the flow (33.10) have to be attere
if the Hamiltonian can be written as kinetic plus potenteht V(qg) as in (31.2), théi?
term modifies thg equation of motion as

. d
P = “3q V(@ +Q(a.1) , (33.50)

where, for the example at hand,

o1 92

Qa,t) = ~%m VP I Ve (33.51)

interpreted by Bohm [33.6] as the “quantum potential.” Madg observed that Hamilton's
equation for the momentum (33.50) can be rewritten as

oV, ( 0 ) 1ov 1 0
JR— + . —_— | =
ot
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= % 3:'2;; is the “pressure” stress tensar= p;/m, ando = A? as defined [33.3]
94 8

in sect. 33.1.3. We recall that the Euleriﬁmﬁ % is the ordinary derivative of Lagrangian

mechanics, that ig . For comparison, the Euler equation for classical hydradyias is

whereo;

v, a\. _1ev 198
T(V'a—q)v'— mag ~ mp ag; P

wherepd; is the pressure tensor.

The classical dynamics corresponding to quantum evoligithrus that of an “hypothetical
fluid” experiencing andp dependent stresses. The “hydrodynamic” interpretation of
guantum mechanics has, however, not been very fruitfulactare.

Remark 33.3 Path integrals. The semiclassical propagator (33.30) can also be derived
from Feynman’s path integral formalism. Dirac was the fiostliscover that in the short-
time limit the quantum propagator (33.34) is exact. Feynmated in 1946 that one can
construct the exact propagator of the quantum Schrodeggeation by formally summing
over all possible (and emphatically not classical) patbmfg’ to q .

Gutzwiller started from the path integral to rederive VaeadK's semiclassical expression
for the propagator; Van Vleck’s original derivation is vanych in the spirit of what has
presented in this chapter. He did, however, not considgualsibility of the formation of
caustics or folds of Lagrangian manifolds and thus did ndtite the topological phases
in his semiclassical expression for the propagator. Somgeds later Gutzwiller [34.4]
added the topological indices when deriving the semiataspropagator from Feynman’s
path integral by stationary phase conditions.

Remark 33.4 Applications of the semiclassical Green’s function. The semiclassical
Green’s functionis the starting point of the semiclassaggdroximation in many applications.
The generic semiclassical strategy is to express physieattdies (for example scattering
amplitudes and cross section in scattering theory, osmilrength in spectroscopy, and
conductance in mesoscopic physics) in terms of the exactr@dunction and then
replace it with the semiclassical formula.

Remark 33.5 The quasiclassical approximation  The quasiclassical approximation
was introduced by Maslov [32.8]. The term ‘quasiclassitaimore appropriate than
semiclassical since the Maslov type description leads to@gassical evolution operator
in a natural way. Following mostly ref. [32.9], we give a suamynof the quasiclassical
approximation, which was worked out by Maslov [32.8] in thism. One additional
advantage of this description is that the wave functionvashblong one single classical
trajectory and we do not have to compute sums over increasingoers of classical
trajectories as in computations involving Van Vleck fore{84.27].
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Exercises

33.1.

33.2.

33.3.

33.4.

33.5.

exerVanVleck - 20jan2005

Dirac delta function, Gaussian representation.
Consider the Gaussian distribution function

1
6(2) = ——e7/%"

V2no?

Show that ino- — 0 limit this is the Dirac delta function

f dxé(x) = 1if 0 e M, zero otherwise
M

Stationary phase approximation in higher dimensions.
All semiclassical approximations are based on saddle
point evaluations of integrals of type

33.8.

| = f dP xA(x)e P/ (33.53)
for small values ofs. Obtain the stationary phase33.9.
estimate
i (2rin)Pr2
| ~ A(Xn)elq’(xn)/hi,
an \/detD2d(xy)

whereD?®(x,) denotes the second derivative matrix.

Schrodinger equation in the Madelung form.

Verify the decomposition of Schrodinger equation ing3.11.

real and imaginary parts, egs. (33.3) and (33.4).
¥

Transport equations. J Write the wave-
function in the asymptotic form

33.12.

w(@ ) = e REDTE S (i) Ag(x. ).

n>0

Derive the transport equations for thg by substituting 33.13

this into the Schrodinger equation and then collecting
terms by orders ofi. Note that equation foA, only
requires knowledge of,_; andR.

Easy examples of the Hamilton’s principal function. 33.14.

CalculateR(q, q', t) for

a) aD-dimensional free particle
b) a3-dimensional particle in constant magnetic field

¢) al-dimensional harmonic oscillator.

(continuation: exercise 33.13.)

33.6.

33.7.

33.10.

33.15.

1-dimensional harmonic oscillator. Take a 1-
dimensional harmonic oscillatds(q) = 3kq?. Take a
WKB wave function of formA(qg, t) = a(t) andR(g,t) =

r(t) + b(t)q + c(t)o?, wherer(t), a(t), b(t) and c(t) are
time dependent céicients. Derive ordinary dierential
equations by using (33.3) and (33.4) and solve them.
(continuation: exercise 33.9.)

1-dimensional linear potential. Take a 1-dimensional
linear potentialU(g) = -Fq. Take a WKB wave
function of formA(q, t) = a(t) andR(q, t) = r(t) + b(t)g+
c(t)g?, wherer (t), a(t), b(t) andc(t) are time dependent
codficients. Derive and solve the ordinaryférential
equations from (33.3) and (33.4).

D-dimensional quadratic potentials. Generalize
the above method to generfatdimensional quadratic
potentials.

Time evolution of R, (continuation of exercise 33.6).
Calculate the time evolution &¥(q, 0) = a+ bq+ cg? for

a 1-dimensional harmonic oscillator using (33.12) and
(33.14).

D-dimensional free particle propagator. Verify the
results in sect. 33.2.2; show explicitly that (33.34), the
semiclassical Van Vleck propagator iy dimensions,
solves the Schrodinger’s equation.

Propagator, charged particle in constant magnetic
field. Calculate the semiclassical propagator for
a charged particle in constant magnetic field in 3
dimensions. Verify that the semiclassical expression
coincides with the exact solution.

1-dimensional harmonic oscillator propagator.
Calculate the semiclassical propagator for a 1-
dimensional harmonic oscillator and verify that it is
identical to the exact quantum propagator.

Free particle action. Calculate the energy dependent
action for a free particle, a charged particle in a constant
magnetic field and for the harmonic oscillator.

)

Zero length orbits. J Derive the classical
trace (18.1) rigorously and either add the» 0, zero
length contribution to the trace formula, or show that it
vanishes. Send us a reprintfifiys. Rev. Lett. with the
correct derivation.

Free particle semiclassical Green’s functions.
Calculate the semiclassical Green’s functions for the
systems of exercise 33.13.
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